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INTRODUCTION. 



The idea of tMs book was suggested to me by Kiuder- 
garten Gift No. VIII. — Paper-folding. The gift consists 
of 200 varioi^ly coloured squares of paper, a folder, and 
diagrams and instructions for folding. The paper is 
coloured and glazed on one side. The paper may, how- 
ever, be of self-colour, alike on both sides. In fact, any 
paper of moderate thickness will answer the purpose, but 
coloured paper shows the creases better, and is more 
attractive. The kindergarten gift is sold by Messrs. 
Higginbotham and Co, ; but coloured paper of both sorts 
can be had in the bazaars. A packet of 100 squares of both 
sorts accompanies this book, and the packets can also be 
had separately. Any sheet of paper can be cut into a 
square as explained in the opening articles of this book, but 
it is neat and convenient to huve the squares ready cut. 

2. These exercises do not require mathematical instru- 
ments, the only things necessary being a penknife and 
scraps of paper, the latter being used for setting off equal 
lengths. The squares are themselves simple substitutes 
for a straight edge and a T square. 

3. In paper-folding several important geometrical pro- 
cesses can be effected much more easily than with a pair 
of compasses and ruler, the only instruments the use of 
which is sanctioned in Euclidian Geometry ; for example, 
to divide straight lines and angles into two or more equal 
parts, to draw perpendiculars and parallels to straight 
lines. It is, however, not possible in paper-folding to 
describe a circle, but a number of points on a circle, as well 
as other curves, may be obtained by other methods. 
These exercises do not consist merely of drawing geo 
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metrical figures involving straight lines in tlie ordinary 
way, and folding upon them, but they require an in- 
telligent application of the simple processes peculiarly 
adapted to paper-folding. This will bo apparent at the 
vei-y commencement of this book. 

4, The use of the kindergarten gifts not only affords 
interesting occupations to boys and girls, but also prepares 
their minds for the appreciation of science and art. Con- 
versely tho teaching of science and art later on can be 
made interesting and based upon proper foundations by 
i-eference to kindergarten occupations. This is particu- 
larly the case with Geometry, which forms the basis of 
every science and art. The teaching of Euclid in schools 
can be made very interesting by the free use of the 
kindergai-ten gifts. It would be perfectly legitimate to 
require pupils to fold the diagrams on paper. This would 
give them neat and accurate figures, and impress the truth 
of the propositions forcibly on their minds. It would not 
be necessary to take any statement on trust. But what is 
now realised by the imagination and idealization of clumsy 
figures can be seen in the concrete. A fallacy like the 
following would be impossible. 

5. To jirow that every triangle ix isosceles. Let ABC be 
^ any triangle. Bisect BC in J), 

and through D draw DO per- 
pendicular to BC . Bisect the 
angle BAG by AO. 

(1) If AO and DO do 
not meet, they are parallel. 
Therefore AO is at right 
angles to BO. Therefore 
AB = AC. 
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(2) If AO and DO do meet, let them meet in 0. Draw 
OB pei^oenclicular to AC and OF perpendicular to AB. 
Join OB, 00. By Euclid I. 26 the triangles AOF and 
AOE are equal ; also hy Euclid I. 47 and I. 8 the triangles 
BOP and COE are equal. Therefore 
AF + PB = AB+EC, 
i.e. AB=AO. 

It will be seen by paper-folding that, whatever triangle 
be taken, AO and DO cannot meet within tlio triangle. 

is the midpoint of the arc BOC of the circle whicli 
circumscribes the triangle ABO, 

6. Paper-folding is not quite foreign to us. Folding 
paper squares into natural objects — a boat, double boat, 
ink bottle, cup-plate, &c., is well known, as also the 
cutting of paper in symmetrica! forms for purposes of 
decoration. In writing Sanskrit and Mahrati, the paper 
is folded vertically or horizontally to keep the lines and 
columns straight. In fair copying letters in public offices 
an even margin is secured by folding the paper verti- 
cally. Rectangular pieces of paper folded double have 
generally been used for writing, and before the intro- 
duction of machine cut letter paper and envelopes of 
various sizes, sheets of convenient size were cut by folding 
and pulling asunder larger sheets, and the second half of 
the paper was folded into an envelope enclosing the first 
half. This latter process saved paper and had the obvious 
advantage of securing the post marks on the paper written 
upon. Paper-folding has been resorted to in teaching the 
Xlth Book of Euclid, which deals with figures of three 
dimensions. But it has seldom been used in respect of 
plane figures. Mr. B. Hanumanta Row, b.a., has done it. 
In his First Lessons in Geometry, he has made frequent 
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iV, INTKOD0CT1ON. 

allusions to it, IdhI the hint has not been generally taken 
by teachers. 

7. I have attempted not to write a complete treatise or 
text-book on Geometry^ but to show how regular polygons, 
circles and other curves can be folded or pricked on paper. 
I have taken the opportunity to introduce to the reader 
some well known problems of ancient and modern Geometry, 
and to show how Alirebra and Trigonometry may be ad- 
vantageously applied to Geometry, so as to elucidate each 
of the subjects which are usually ]<ept in separate pigeon- 
holes. 

S, The first nino chapters deal with the folding of the 
regular polygons treated in the first four books of Euclid, 
and of the nonagon. The paper square of the kinder- 
garten has been taken as the- foundation, and the other 
regular polygons have been worked out thereon . Chapter I. 
shows how the fundamental square is to be cut and how 
it can be folded into equal right-angled isosceles triangles 
and squares. Chapter II, deals with the equilateral 
triangle described on one of the sides of the square. 
Chapter III. is devoted to the Pythagorean theorem 
fEuclid I. 47) and the propositions of the second book of 
Euclid and certain puzzles connected therewith. It is 
also shown how a right-angled tnaugle with a given 
altitude can be desci'ibed on a given l^ase. This is tanta- 
mount to finding points on a circle with a given diameter. 

9. Chapter S. deals with the Arithmetical, Geometrical, 
and Harmonic progressioua and the summation of certain 
arithmetical series. In treating of the progressions, lines 
whose length), form a progressive series are obtained. A 
rectangular piece of paper chequered into squares ex- 
emplifies A. P. For the G.P. the properties of the right- 
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angled triaugle, that tlie altitude from the right-angle is a 
mean proportional between the segments of the hypote- 
nuse, and that either side is a mean proportional between 
its projection on the hypotenuse and the hypotenuse, are 
made use of. In this connection the Delian problem of 
duplicating a cube has been explained. In treating of 
Harmonic progression, the fact that the bisectors of an 
interior and corresponding exterior angle of a triangle 
divide the opposite side in the ratio of the other sides of 
the triangle has been used. This affords an interesting 
method of graphically explaining systems in involution. 
The sums of the natural numbers and of their cubes have 
been obtained graphically, and the sums of certain other 
series have been deduced therefrom. 

10. Chapter XF. deals with the general theory of 
regular polygons, and the calculation of the numerical 
value of IT. The propositions in this chapter are very 
interesting. 

11. Chapter XII. explains certain general principles, 
which have been made use of in the preceding chaptei'S, — 
Congruency, Symmetry and Similarity of figures, Concur- 
rency of straiijht lines, aud Collinearity of points are 
touched upon. 

12. Chapters XIII. and XIV. deal with the Conic Sections 
and other iuteresting curves. As regards the circle, its 
harmonic properties among others are treated. The 
theories of inversion and co-axal circles are also explained. 
As regards other curves it is shown how they can be 
marked on paper by paper- folding. 'Dhe history of some 
of the curves is given, and it is shown how they were uti- 
lized ill the solution of the classical problems, to find two 
geometrictil means between two given lines, and to trisect 
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VI. ISTEODL'CTIOX. 

a given rectilineal angle. Althougli the investigation of 
the properties of the curves involves a knowledge of ad- 
vanced matliematics, their genesis is easily understood and 
is ill teres ting, 

13. I have sought not only to aid the teaching of Geo- 
metry in schools and colleges, bnt also to afford mathe- 
matical recreation to young and old, in an attractive and 
cheap form. " Old hoys " like myself may find the book 
usefnl to revive tlieir old lessons, and to have a peep into 
modern developments which, although very interesting and 
instructive, have been ignored by the Madras University. 
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GEOMETRICAL EXERCISES 
PAPER FOLDING. 

CHAPTER 1. 
THE SQUARE. 

'fiib: upper side of a pieoe of paper lyiiigRat upon a table is a 
plane surface, and so is the lower side which is in oontacfc with 
the tabic. 

2. The two surfaces aj-e separated by the material of the 
paper. The material being very thin, the other sides of the 
paper do not pi'esent appreciably broad surfaces, and the edges 
of the paper are practically lines. The t o f th h 
distinct aie inseparable from each otlier. 

3, Look at this irregularly shaped pie f 1 p and at 

this piece of lett i ] wh 1 
rectangular. L t t y and h p 
the former pape I L h 1 tt 

4. Place the irregularly shaped 
piece of paper tipon the table, and 
fold it flat upon itself. Let AB be 
the crease thus formed. It is 
straight. Now pass a knife along 
the fold ajid separate the smaller 
piece. We thus obtain one straight 
edge. 

5, Fold the paper again as be- 
long CD, so that the edge AB 
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2 THE SQUAEE. [CHAP. 

ia doubled upon iiself . Unfolding the paper, we see that the 
crease CD is at right augles to the edge AB. It is evident 
by superposition that the angie ACD = the angle BCD, and 
that each of these augles = an angle of the letter pnpei'. Now 
pass a knife as befoi'e along the second fold, and remove the 
smaller piece. 

6, Repeat the above process, and obtain the edges EP 
and GH. It is evident by superposition that the angles at 
C, E, G and H are right angles, equal to each other, and that 
the sides CE, EG are respectively eqoai to GH and HC. This 
piece of paper is similar in shape to the letter paper. 

7, It cau be made equal in size to the letter paper, by 
measuring ofi CE and EG equal to the sides of the latter. 

8, A figure like this is called a rectangle or an oblong. By 
superposition, it is proved that (1) the four angles are right 
angles and all equal, (2) the four sid^^s are not ail equal. 
(3) But the two long sides are equal, and so also are the two 
short sides. 

9. Now take this rectangular 
piece of paper, and fold it obliquely 
so that one of the short sides falls 
upon one of the longer sides. Then 
fold and remove the portion which 
overlaps. Unfolding the sheet, we 
find that it ia now square, i.e., its 
four angles are right angles, and all 
its sides|are eqnal. 
h passes throogh a pair of the opposite 
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comers is a diagonal of the 
squai-e. One other diago- 
nal is obtained bj folding 
the square tliiough the 
other pair of comeit. 

H. We see that the 
diagonals are at light an- 
gles to each othei, and 
that they bisect eieh other 
12. The point of inter- 
section of the diagonals is 
called the centre of the 
square. 
Each diagonal divides tho square into two equal right 
angled isosceles triangles, whose vertices are at opposite comers. 
14. The two diagonals together divide the square into four 
equal right-angled isosceles triangles, whose vertices are at the 
centre of the si^uare. 

side o£ the square apon ita 
opposite side. We get a 
crease which passes 
tlirough the centre of the 
square. It is at right 
anglesto the other sides 
and bisects them (1). It 
is also pai-ailel to them (2). 
It is itseif bisected at the 
centre (3). It divides the 
square into two equal rec- 
tangles, which are, there- 
fore, each half of it (4) 
Each of these rectangles is 
equal to the triangles into which either diagonal divides the 
square (h). 
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16. Let us fold tlie squai'e again, laying the remaining two 
sides one upon the other. The crease now obtained and thcone 
referred to in para. 15 divide the sqaai-e into 4 eqnal squares. 

17, Folding attain 
through the corners of the 
smaller squares which ai'e 
at. the centres of the sides 
of tlie larger square, we 
obtain a square which is 
inscribed in the latter. 

18. This square is half 
the larger square, and has 
the same centre. 

s sides of the inner 
square, we obtain a 
square which is ^ of 
the original square. 
By repeating the 
proeess, we can ob- 
tain any number of 
squares which are 
to one another as 
1 1 1 i , 

1111 

0-<- .,' 7>i> .,,> ^ 

Each square leaves 
I of the nest larger 
square, i.e., the foav 
a each square are together equal to haJf of it. 
The sums of all these triangles increased to any nnmber cannot 
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exceed the original square, and tliey ninst cventnally absorb 
ibe whole oi it. 

Therefore 3+I„ + l^+ &c. to infimty = 1. 

20. The centre of the squai-e is the centre of its circum- 
scribing and iuBcribed circles. The latter circle tonches ihe 
sides at their mid-points, as these are nearer to the centre 
than any other points on the sides. 

21. Any crease through the centre of the square divides 
it into two trapeainms which are equal in all I'espects. A 
second ci-ease at right angles to the above divides the square 
into four congruent quadrilaterals, nf which two Opposite 
angle.s are right angles. The quadrilaterals are concyclic. 
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Now take this s 



CHAPTER II. 
THE EQUILATERAL TRIANGLE. 

sqitsire piece oi paper, fold it double laying 
two opposite edges one 
upon ilie other. We ob- 
tain a crease which passes 
through the middle points 
o£ tlie remaining sides, 
and is at right angles to 
them. Take any point on 
this line, fold through it 
and the two comers of the 
square which are on each 
side of it. We thus get 
triangles, stand- 

a side of the square. 

is triangle into two 




The middle line divides the 
equal right-angled triangles. 

The vertical angle is bisected. 




4. : 



o take the 
iddle line, 
thatitsdistauce from either 
corner of the square is 
equal to a side of it, we 
should obtain an equilate- 
ral triangle. This point 
is easily determined by 
turning the base through 
one end of it until tbeother 
end rests iipon the middle 
line. 



y Google 




CHAP. II.] THE EQUILATERAL TEIANGLK. 7 

5. Fold the equilateral triangle by laying each of the sides 
upon the base. We have 
thus obtained the three 
altitudes of the triangle, 

6. Bach of the alti- 
tudes divides the triangle 
into two equal right- 
angled triangles. 

7. They bisect the 
sides at right angles. 

8. They pass through 
a common point. 

9. Let the altitudes 
AQ and CP meet in O. 
Join BO and produce it to 

meet AC in R. Then BB can be proved to be the third alti- 
tude. From the triangles AOP and CO Q, OP=OQ. From 
As OPBand OQB, ZOBP=^OBQ. Again from triangles 
ABR and CBE, L BRA= I BRC, i.e.. each of them is a right 
aug'le. That is, BOB is an altitude of the equilateral triangle 
ABC. It also bisects AC in R. 

10. It can be proved as above that OA, OB and 00 are 
equal, and that OP, OQ and OE are also equal. 

11. Circles can, therefore, be described with iis centre 
and passing through A, B and C and through P, Q and R. 
The latter circle touches the sides of the triangle. 

12. The equilateral triangle ABC is divided into six equal 
right-angled triangles which have one set of their equal angles 
at 0, and into three congruent symmetrical concyclic quadri- 
laterals. 

13. The A AOC is double the aQOC; therefore, A0=2 OQ. 
Similarly, B0=-2 OR and C0=2 OP. The radius of the cir- 
cumscribing circle is twice the radius of the inscribed circle. 
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8 THE EQUILATERAL TKIANGLK. [CHAF. II. 

14, 'I'iie riglit angle at A of tlie square is ti-iaect.ed by the 
straight lines AO, AR. The angle BAG = | of a right angle. 
The Z s PAO and UAO are each g o£ a right angle. Similarly 
with the angles at B and 0. 

15. The six angles at ave eftch s of a right angle. 

16. Fold through PQ, 
Qli, amlRP. Then PQR 
is an equilateral triangle. 
It is a fourth of the tri- 
angle ABC. 

17. PQ, QE, & BP are 
each parallel to OA, AB & 
BO and halveK of them. 

18. APQRisarhombas. 
So ai'e BPRQ and OBPQ. 

19. PQ, QB & RP bi. 
sect the corresponding alti- 
tudes- 



AB= AB X -866,.,. 




=./Ia 



22. The angles of the triangle CAP are in the ratio of 
1:2:3, and its sides are in the ratio of ^'[■•/S- -^i- 
P3'thf^oras called it the most heautifnl scalene triangle. 
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CHAPTER IN. 
SQUARES AND RECTANGLES. 

Fold the given square asintlie annexed figure. Tliis affords 
the well-known proof of 
the 47th Proposition of 
the first book of Eoclid. 
FGH being a riglit-angled 
triangle, the squai 




11 FG 



. DB = 



If the triangles FGH and HBC are 

other two triangles, the square FHOE 

If AB ^ a, AG = 6, and FH = e, a= 




im = the s 
and GH. 

Sq. FA + s 
FC. 

It is easily proved that 
FO is a square, and that 
the triangles FGH, HBC, 
KDC, and FEE are equal 
in every respect. 
,re cut and placed upon tho 
is made up. 
+ 65 = eK 

2. Fold the given 
Kqnare like this. Here 
the rectangles AF, BG, 
CH nnd IJE are equal, 
as also the tiiangles of 
which they are compos- 
ed. EFGH is a, sqnare, 
as also KLMN". 

, KU ^. b, 
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SQUASBS ATiD RECTANGLES. 



[chap. 



. KLilN liy tile four triangle 



The sq. ADCD = (a+hy. 

Now sq. ABCD overlaps the i 
AKN, ULK, CML, and DNM. 

Hufc these four triangles are eqnal to two of the rectangles, i.e., 
to -lab. 

Tberefore (a + h)^ =a.^ + b^ -J- iah. 

3, ET=a — b,andsq.¥.¥GrE=(a—hy. 

The square EFGH is less tlian the sqnare KLMN by the 
4 triangles FNK, GKL, HLM, and EMN. 

Bnt these 4 triangles make up two of the rectangles, i.e., 2ab. 

:.{a — lf = a^ + h^-'-^ah. 

4, The sq. ABCD overlaps the square EFGH by the 
4 rectangles AF, BG, CH, and DE. 

:.(a+hy- — (a~hy=iab. 



In the annexed 




■, thesq. ABCD=(a+&)2,andthesq. 
EFGH = (a — hy. Also 

Sq. AKGK=:Kq. ELCM 



;sq. J 



KBLF, that is, (a + hy + (. 



Sq. KBLFr 

Squares ABGD and 
EFGH are together = the 
latter four squares put 
together 

=:twice the square 
AKGN and twice tl 
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SQUAEES AND EECTANGLE 



11 




6. I'l tliis figure the 
rectangle PL is equal to 
(a + b)(a-h}. 

Because the rectangle 
EK=FM, rect, PL=sq, 
PK-sq. AE, i.n., (a + b) 



7. If squai es lie 



leKciibed about tlie diagonal of the given 
square, the right angle at 
one eorner being common 
to them, the lines which 
join this corner with the 
luiddle points of the oppo- 
site sides of the given 
squai-e bisect the corre- 
sponding sides of all the 
inner squares. 

The angles which these 
lines make with the dia- 
gonal and the adjaeent sides 
are respectively equal, and 
their magnitude is constant 
for all squares as may bo 

seen by superposition. Therefore the midpoints of the sides 

of the inner squares must lie on these lines. 

8. ABCD being the given square piece of paper, it is 
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SqiTARES AND EECTANGIES. 



[chap. 

i-eqaired to obtain by fold- 
ing, the point X in AB, 
such that tbe rectangle 
under AB, BX is equal to 
the square on AX. 

Double BC upon itself 
and take its midpoint E, 

Fold thronghE, A, 

Lay EB upon BA and 
fold so as to get EF, F&. 

Take AX=AG 

Then the rectflugle un- 
der AB, BX=sq. ou AX. 

Complete the reet. BS 
HO and the square AXKL. 
=¥3. 



Now, because BY is bisected in F and produced to A 
Beet.uodev AB.AT+sq. ouFr=sq.oa AF 

=sq. on AG + sq. on FC 
.-.Roct. under AB, AY 




Let XH cut EA 


in M. 


Take FY: 


Then FB= 


=FG= 


FY= 


:XM 


and XM = 


Ux. 







= sq. 



1 AG, 
ii AX. 



I AX^ 



But sq. o 
.■.AX=BY 
and AY=BX. 

.-.Rect. under AB, BX=s 
AB is said to be divided i' 
Also 



Eect. under AB, AY=h([. on BY, 
'..e., AB is divided in medial section, also in Y. 
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III.] SQUAEES AND EECTANGLES. 13 

9. A circle can be desciibed with F as centre and passing 
through B, G and Y. It will touch BA at G, because FGia the 
shortest distance from P to the line EGA. 

10. Rect. XYNK=Bq. CHKP, 

i.s., Rect. under AX, Xy=sq. on AT, 
i.e., AX is divided in medial section in Y. 
Similarly BY is divided in medial section in X, 

11. Sq. o(i AB +sq. on BX=three times the rectangle under 
AB, BX. 

12. Ut'Ctangles BH, and YD being each = rect. under AE, 
BX, rect. HY+.sq. CK=rect. under AB, BX. 

13. Rect. HY = Rect. BK, i.e., rect. under AX, BX = rect. 
under AB, XY. 

14. Rect. HN^Eect. under AX, BX-sq. on BX. 

15. Let AB=a, BX=». 
Then (_a.—^.)^=cuc. 

Again, 

^ = ^ (3 - ^5) 

<'—'■■'=% (•/l-l) = a X -6180. 

(a-xf=^iS~-V5)^a^ x -3819 

The rect. BXKP 

=a2 iyh-2) = a^ X -aaoo 

16. BA2 = 6EB2 =f AB^. 

4 

EA =:^ AB=ax I'llSO 
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14 SQTJAEIS AND BECTANGLIS. [CHAP, 

17. Ih the language of proportion 

AB : AX :: AX : BX. 

Tlie straight line AB is said to be divided " in estteme and 
mean ratio." 

18. Let AB be divided iu 
X in medial section. Com- 
plete the rectangle XBCH. 
Halve the rectangle by the 
line MNO. Find the point 
NbylayingXA over XN and 
fold tlii'ongh XN, NB, and 
NA. Then ABN is an isos- 
celes triangle having its 
angles ABN and ANB double 
the angle BAN. 

AX=XN^NB 
Z ABN^ I BXK 
' L XAN^ L XNA 
Z BXN=2 I XAK 
ZABN-^ZBAK. 
AN^ = MN3 + AM^ 

= BN^ — BM^ -f- AM^ 
= AX* + AB . AX 
= AB. BX -(- AB . AX 
= AB3 
.-. AN = AB 
Z BAN = I of a right angle. 
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SQUAKES AND EBCTANGLES. 15 

19. The right angle at 
A can be divided into five 
eqaal parts as in annesed 

20. To describe a right- 
angled triaiigle on the 
base AB, with a given 
altitude. 

Fold EF pao-sillel to AB 
at the distance of tbe 
given altitude. 





Take G the middle 
point of AB. Find H by 
folding GB through G so 
that B may fall on EF. 

Fold through H and 
A, G, and B. 

AHB is the triangle re- 
quired. 
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SQUARES AND RECTAKGI.BS. 



H 


■ 


flUHH 


SHj^H 


!BI 


Wi 



[coat. 

21. AKLM is a rec- 
tangle. It is required to 
find a. squaie equal to it 



the middle 



right- 
i AHN 
1 KLH. 



Make KN^ 

Find G 
point of AN. 

Describe the 
angled tritt'igl 
with the vertei oi 

Describe a sqnare on 
KH, KHPQ. 

The square is equal to the given rectangle. 

22. HA and SQ divide the rectangle into 3 jjarts which can 
he fitted into the square KHPQ. 

23. Take four equal squares and cut each of them into two 
pieces through the middle 
point of one of the sides and 
an opposite corner. Take 
also another equal square. 
The eight pieces can be ar- 
ranged round the sqnare so 
as to form acomplete 

Thisiaa veiy interesting 
puzzle. 

The fifth square may also 
be eat like the others and 
the puzzle put this way. 
Four of the squares 
obviously form a complete square. Absorb the fifth sqnare into 
A new square. 
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SQUABES AND RECTANGLES, 



17 




24. Similar puzzles can 
be made by cutting tbe 
squapes through one cor- 
Tier and the trisectioTial 
points of the opposite side, 
If the nearer point is 
taken 10 squares are re- 
quired ; if the remoter 
point is taken 13 squares 
are required. 
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18 SQOARES AND EECTANGLEa. [CHAP. 

25. The above puzzles are based upon the formulae 

12 + 22=5 

15+3==10 
22+ 3"-= 13. 

26. The process may becoiitinueiil, but the uamber of squares 
will become iucouveniently large. 

27. Consider the figure in Art. 1, Cbaptei- III. If the font 
triangles at the comers of the given square are removed, one 
square is left. If the two rectangles PK and KG are removed, 
two squares in jnxtaijosition ai« left. 

28. The given square may be cut into pieces which can be 
arranged into two squares. There are various ways of doing 
this. The diagranain Art. 23, Cbapter III. suggests the follow- 
ing elegant method : — The required pieces are the square in the 
centre, and the four congruent symmetrical concjclic quadri- 
laterals at the corners. In this figure, the lines from the 
midpointe of the sides pass thi-ough the corners of the given 
square, and the central square Is one-fiffch of it. The magni- 
tude of the inner square can be varied by taking other points 
on the sides instead of the comers. 

29. The given square can be divided as follows into thi-ee 
equal squares : — 
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III.] SQUAEES AND EKCTAN-GLE3. 




Tat«! BG = half the diagonal of tlie square. 

Poid through C and G. 

Fold BM perpendicular to CG. 

Take MP, CN, and NL each == BM, 

Fold PH, NK, LF at right angles to OG, as in the figure. 

Take NK = EM, and fold 1KB at right angles to NK. 

Then the pieces 1, 4 and 6, 3 and 5, and 2 and 7 form three 
equal squares. 

Now CG^ = 3BG- 
and from the triangles CBG and CMB 
BM _ BG 
BO ^ CG 



.-. BM = 



^S 
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CHAPTER IV. 
THE PENTAGON. 

To out ofE a regnlar 
pentagon from the square 
ABCD. 

Divide AB in X in 
media.1 section and taJte M 
the mid point of XB. 

Then AB . BX = AX», 
BM=MX. 

Take AN=BM or MX. 
Then MN=AX. 
Lay NP and MR equal 
to MN, so that P and R 
may lie on AD and BG respectively. 
Lay RQ and PQ=MR and NP. 
MNPQE is the pentagon required. 

In fig. in para. 18, Chap. III., AN which is equal to AB, has 
the point N on the perpendicular MO. If A be moved on AB 
over the distance MB, then it is evident that N will be moved 
on to BC, and X to M. 

Therefore in the present figure NR=AB. Similarly MP= 
AB. PR is also equal to AB and parallel to it. 

L BMR is g of a right angle. Therefore the angle NMR= | 
of a right angle. Similarly L MNP is r of a rig'ht angle. 




From the triangles NMR 
a rt. angle. 



radBQP, zNMR=^RQP=%f 
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THE PENTAGON. 21 

The three angles at M, N and Q of the pentagon being 
each equal to % of a rt. ^ , the remaining 2 angles are together 
eqnal to ^^ right angles, and they are equal. Therefore each of 
them is ^ of a rt. angle. 

Therefore all the angles of the pentagon are equal. 

It is also equilateral from the construction. 



2. The base MN of the pentagon is equal to AX, i 
~ (-/S-l) = AB X -6180 

3, The greatest breadth of the pentagon is AB. 



, to 




4. If J) he the altitude, 

AB==yS+|^(y!-l)|' 
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TffE PUNTAQON, [CHAI 



=j^+AB>.?r-/5. 



■■{'-^} 



-AB. ViO+ V.5 


= AB X -9510. 


= ABCos 18« 


B be tbe radii 


IS of the eircBmseri 


AB . 


2AB 


" -Jco.lS"-- 


^/10 + 2•5 




-AB^*-^* 
*'' 10 




= AB X -5257 



6. If r be the radius of the ins{!ribcd circle, 
=AB X '4253 



7. The area of the pentagon ia hr x \ tiie base of ■ 
pentagon, 

U,5AbV^.^(^5-1) 
=AB=.=. v'^(,^* = AB.x*571 
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IV.] THE PENTAGON. 2B 

8. lii fig. m para. 1, Chap. IV., let PR be divided by MQ 
and NQ iii E and T". 

=AB.t-^. m 

EF=AB— 2 BE^AB— AB(3— v'5)=AB (v'5— 2) (2) 

ItP=MN. 

RF:BB::RE:EF (S) 

V'S— 1:3— VS-.S— -y5:2V5— 4 (4) 

The aruii of tbe inner pentagon 
/5_ ^l 






= AB>. (9-4^5). l- v'5^- P) 

The iai'ger pentagon : the smaller : : 1 : ( V^ — 2)" 
::1: -05569 

9, If in the fignre in Art. 1, Chapter IV, angles QEK and 
QFL arc made equal to EQR or FQP, K, L being points on 
the sides QR and QP respectively, then EPLQK will be a 
regular pentagon equal to the inner pentagon. Pentagons can 
be similarly described on the remaining sides of the innei' 
pentagon. The resulting figure consisting of six pentagons is 
very elegant. 
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CHAPTER V. 
THE HEXAGON, 

To cut off a rcgalar hexagon from, the given square. 

Fold throiigli the mid 
points of the opposite 
sides, and obtain the 
lines AOB and COD. 

On both sides of AO 
and OB describe equi- 
lateral triangles, AEO, 
AHO ; BFO and BGO. 

Join EF and HG. 

AEFBGH is a regular 



It is unnecessary to 
give the proof. 



The greatest breadth of the hexagor 
The altitude of the hesagon is 

"^^ AV AT!„ .QitJt 



If R be the radius of the circumscribing circle, 

E,= ' AB. 

If r be the radius of the inscribed circle, 

r=V^?AB = AB X '43^ 

4 

The area of the hesagon is 6 times the area of the triangle 
= 6. ^. V^? AB. 
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CHAP, v.] THE HBSAGON, 

= ^/-^AB2. = AB^ X -6495 

Also t,he hexagon = -. AB. CD. 

= 1- times the equilateral triangle on AB. 




7. The above figure is an instance of ornamental folding, into 
equilateral triangles and hosagons. 

8. A hesagon is formed from an equilateral triiingle by fold- 
ing the three corners to tlie centre. 

The side of the hexagon is 5 of the side of the equilateral 

triangle. 

2 
The area of the hexagon = 5 of the equilateral triangle. 
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THE HEXAGON. [CHAP. V. 



divided into equal regijilac 

^BBBBK^BfiM^BBBk hexagons and equilateral 



« 



by folding through 
tfff the points of trisection of 
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CHAPTER VI. 
THE OCTAGON. 

To cut off a regultir ootagon irora the given square. 

Obtain the inscrihed square by joining the mid-points 
A, B, C, D of the aides of 
the given square. 

Bisect the angles which 
the sides of the inscribed 
squaremakewith the sides 
of the other. Let the 
bisecting b'neH meet in B, 
F, G and H. 

EFGHis a regula.-.- 

The As ABE, BCF, 

CDG and DAH are equal 

therefore equilateral. 

The angles at the vertices E, F, G, H of the same fowr As 

are ea«h one right angle and a half : because the angles at the 

base are eacli one-fourth of a right angle. 

Therefore the angles of the octagon at A, B, and B are each 
one r%ht angle and a half. 

Thus the octagon is also equiaugvlar. 

2. The greatest breadth of the octagon is the side of the given 
square, «. 

3, If E be the I'adius of the circumscribed cii-elc, 

R = ';i- 




s triangles. The octag( 



y Google 



THE OCTAGON. 



[chap. 




4, The angle snbtended at the centre by each of the si 
luxlf a rt. angle. 

5. Join OB and let it cut AB in K. 



KE = 0A-0K = -^-^ = ^(2-^a 
Now from the A AKE, AE^ = AK^ + KE' 



3- + -»--(3-2v'-2) 
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TI.] THE OCTAGON. 29 

:. AE = |- 'J%-'^'^. 

6. The altitude of the octagon is CE. 
But CB5=AC^— AB2 

= a3- J (2- ^2) = 1(2+^2) 

.-. CB = I ^/■2 TVa" 

7. The area of the octagon is eight times the triangle AOE 
and equals 4 OE. AK = *■ s ■ ^yg ' ~ yo ' 

8. A regular octagon may also be obtained by dividing the 
angles of the given square into four equal parts. 
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30 


THE OCTAOON. 


It is easily sei 


311 that ES=a8=a ; 




(JS=<.y2"; 




/SE=o(v'2— 1); 




|8E = aH = aK ; 




K/S=a-a(y2— 1) 




=a(2 ^2). 


Now KS3: 


=aS + a=( 72-1)8= »S(4-2v'2) 


.-. KS: 


=.^1-2 72. 


Also GE: 


=^8-2^E 




=ay2-2«(7.J_l) 




=.(2-v/2); 


.-. H0= 


'|(2 '2)- 


Again 03= 


.|72i 


«nd H8>= 


= H0> + 08« 




= ^{6-i 7.2 + 2) 




=aSC2— 72) ; 


.-. H8 = 


ra7(2— 72). 


HK= 


:K8— HS 




: av/4— 2 72— fl-Zs— 72 


= 


=a. (^2-72). (72_i) 




. a \/lO— 772- 



[chap. 
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VI.] THE OCTAGON. S 

-•. AL = ^ HK = I y io'i:?^ ; 
and HA = I ^20 — "l4v^. 

9. The area of the outagon is 8 times tlie triangle HOA. 

=4. HO. ^ 
= R0'-. 2-^2 

= f. 2/2.(6-4^2) 
=(-;. (3v/2— 4) 
=a^. ^2. (-^t—iy. 

10. This octagon : tho octagon in para. 1 

and their bases arc to one another as -^2 : 'v'2 + 1- 
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CHAPTER Vli. 

THE NONAGON. 

Any angle can be trisected faivly accurately by paper folding. 
Obtain the three equal 
angles at the centre of an 
equilateral triangle. 

For convenience of fold- 
ing, cut out the three angles, 
AOB, BOO and COA. 

Trisect each of the angles 
a,s in the flgnrc, and make 
the arnis=:OA. 

The fcrisection can be faci- 
litated by first describing a 
circle with as centre and 
radius OA. 

, 14 




each n" of a rt. angSe=14rO''. 
of art. 



2. The angles of a nonagon 

The angle subtended by each side at the centr. 
angle or 4(f. 
Half this angle is -^ of the angle of the nonagon. 

3. 0A=1,. 

This is also the radius of the circumscribing circle, R. 
The radius of the inaeribed circle=R. cos 20°=;;a cos '. 
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CHAP, VII.] THE NONAGOfJ. 

The area of the nonagon is 9 times the triangle AOL 
= . R . i Et Sin 40'^ 
= I EK Sin ^O^' 

= ~ X -6427876 
= fl-3 X ■7->3l36. 
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CHAPTER VIM. 

THE DECAGON AND THE 
DODECAGON. 

The following tigat'es show liow a regular decagon, and a 
regulai' dodecagon, can be obtained fiom a pentagon and 
hexagon respectively. 
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CHAP. Vlfl.] THE DECAGON AND THE DODECAGON. 




3. The main part of tlie process is to obtain the angles at 
the centre, 

3, In fig- l.the i-adins of the inscribed circle of the pentagon 
is taken for tlie radius of the circumsciibing circle of the 
deepen, in order to keep ifc within the square. 

4. A regular dectigon may also he obtained as follows : 
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THE DECAOOK AND THB OOKECAOON. [cHAP. VIII. 




Obtain X, T, aa in Chap. III., para. 8, dividing AB in medial 
sections. 

Take M the midpoint of AB. 

Fold XC, MO, YD at right angles to AB. 

Take in MO sneh that YO=AY, or XO=XB. 

Let YO, and XO prodaced meet XC, and YD in C and D 
respectively. 

Divide the angles XOC and YOD into 4 parts by HOE, 
KOF, and LOG. 

Take OH, OK, OL, OB, OF and OG equal to OY or OX. 

Join X, H, K, L, 0, D, E, F, G and Y, in order. 

As in Chap. IK., para. 17, 

ZXOY=| of a right aDgle=36''. 
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CHAPTER IX. 
THE QUINDECAGON. 



This figure .show.s 1k>w the quiiLdeeag( 
pentagon. 



s obtained from the 




Let ABCUB be the pentagon and its centre. 

Join OA, OB, OC, OD and OE. Produce DO to meet AB 
inK, 

Take OF = i of OD. 

Fold GFH at right anj^Ies to OF. Make OG, OH = OD. 

Then GDH is an equilateral triangle, and the angles DOG 
and BOH are each 120°. 
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J8 THB QDINDECAOON. [CMA[>.~IS. 

But ZDOA is 144°; therefore I. GOA is 24°. 

That is, the angle AOE wliich is 72° is trisected by OG. 

Bisect the Z fiOE hy OL meeting EA in L, and Ust OG 
jut EA in M ; 

thenOL=OM. 

In OA and OE take OP and OQ equal to OL oi' OM. 

Then PM, ML, and LQ are three sides of the quindecagon. 

Treating similarly tlie angles AOB, BOC, OOD, and DOE, 
we obtain the remaining sides of the qwindecagon. 
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CHAPTER X. 
THE PROGRESSIONS. 

Akithmetical Puogression. 

[ie:x;ecl diagram esemplifies Arithtnetical Progression. 

The lioriKontal 

lines to the left of 

I the diagonal, in- 

I eluding the upper 
and lower edges 
I a,remA.P. The 
initial line heing 

I ft and 6 the com- 
mon difference, 
I the series is a, 
\a + i, a + 2b, 
' a +36, &c. 

2. The portions of the horizontal lines to the right of the 
diagonal are also in A. P., but are in reverse order and decrease 
with a common difference. 

3. If, generally, I he the last term, and S the finm of the 
series, the above diagram graphically proves the formtila 

4. If a and e arc two alternate terms, the middle term is 
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40 THE TEOGEESSIONS. 

5. To insert n means between a and I, the 
to be folded into n + I eqnal parts. T 



6. Considering the n 
(he series becomes 



s and iiiter'changing 



The terras will be positive f 
thereafter they will he negative. 



s«> (»~1)&, and 




Geometrical PfioORiissiox. 

angled triangle, the perpendicular from the 
vertex on the hypotenuse is a geome- 
tric mean between the segments of 
the hypotenuse. Hence, if two alter- 
nate or consecutive terms of a Gr.P, 
be given in length, the series can be 
determined as in the accompanying 
figure. Here G&^, CAg, CA^j, 04^, 
and CA|,, are in G.P., the 

ratio hei 



8. If CAi be the unit of length, the sc 
natural powers of the common ratio. 

9. Representing the series byn, ar, ar-,, 

Ai A„=« x/l + V-. 
As As=ar ^T+^. 
Aj A^=ar^\/T+V^. 



iDiisiwfs of the 



The 



lines also form a G-.P., with the 
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3.] THE PEOGEESSIONS. ^1 

10. The terms can also ha found backwards, in wliicL case 
the common ratio ■will be a proper fraction. Jf CAj be the 
nnit, CA^ is the common ratio. The sum of the series to 



11, In the maimer desccibed above, one Geometrical mean 
can be fonnd between two j;iven lines, and by continuing the 
process, 3, 7, 15, &c., means can be found. In general, 2" — 1 
means can be found, n being any positive integer. 

12. It is not possible to find two Geometrical means between 
two given lines, merely by folding through known points. In 
the above tigure, CAj^ and CA^ being given, it is required to 
find Aj and Aj. Take two rectangular pieces of paper, and so 
arrange them, that their onter edges lie on A^ and A^, and a 
comer of each, lies on the straight lines CA^ and CAj, while at 
the same time the other edges ending in the said comers coin- 
cide. The positions of the corners determine CA, and CA,. 



13. This process gives the cube root of a given number, 
for if CA^ be the unit, the series is 1, r, r^, r^. 

14, There is a very interesting legend in connection with 
this pi-oblem. " The Athenians when suffering from the great 
plague of eruptive typhoid fever in 430 B.C., conenlfced the 
oracle at Delos as to bow they could stop it. Apollo replied 
that they must douile the size of his altar which was in the 
form of a ciAe. Nothing seemed more easy, and a new altar 
was coiistmcted having each of its edges doiible that of the old 
one. The God, not unnaturally indignant, made the pestilence 
worse than before. A fresh deputation was accordingly sent to 
Delos, whom he informed that it was useless to trifle with him, 
as he must Lave his altar esactiy doubled. Suspecting a mys- 
tery, b'ley applied to the Geometricians. Plato, the most illustrious 
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42 THK PEOGEESSIONS. [CMiP. 

of them, declined the task, but refei-red them to Eaclid, wbo hijd 
made a special study of the problem." Euclid's name is an 
interpellation for that of Hippoci-ates. Hippoci*atea reduced 
the qneation to that of finding two means between two sti'aigiit 
lines, one of which is twiee as long as the other. If a, », y and 
2a be the terms of the series ay^ = 2a\ He did not, however, 
succeed in finding the means, Mensechmus, a pupi! of Plalo, 
who lived between 375 and 3-25 B.C., gave the following two 
solutions : 

Prom this relation we obtain the following three equations ; 

^= = «;/ (1) 

/ = -2«.^ (2) 

xy = 2a^ (3J 

(1) and (2) are equations of parabolas and (3) is the equation 
of a rectangular hyperbola. Equations (1) and (2) as well as (1) 
and (3) give 9''='2ii'. The problem was solved by taking the 
intersection (a) of the two parabolas ( I) and (2) and {/?) of the 
parabola (1) with the rectangular hyperbola (3) . 

Harmosic Progression. 

15. Fold any lines AE, PB as in the next figure, P being 
on AR, and B on the edge of the paper. Fold again so tliat 
AP and PR may both coincide with PB. Let PX, FT be the 
creases thus obtained, X and T being on AB. 

Then the pointe A, X, B, T form an harmonic range. That 
is, AB is divided internally in X and esfcernally in Y such that 
AX : BX :: AY : BY. 

16. ft is ovidcnt that every line cutting PA, PX, PB and 
PY will be hai-momcalU- divided. 
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EOG SESSIONS. 



17. Having given A, 
B and S to find Y : fold 
any line XP and mai'k 
K corresponding to B. 
Fold AKPK, and BP. 
Bisect the angle BPRby 
PY by foldiiig through P 
so that PB and PR may 
cotnculo. 
f XP biaeets the angle APB, 
.-.AX : BX :: AP : BP, 
:: AY : BY. 

18. AX : BX :: AY : BY 

or AY— XY : XY^BY :: AY : BY. 
Thus, AY, XY, and BY are in Haroioiiic Progression, and 
XY is the Hannoaic Mean between AY and BY. 
Similarly AB is the H.M. between AX and AY. 

19. If YB and YX* be given, to find the third term YA, 
we have only to deseribe any right angled triangle on XY as 
Lypotennse and make .iXPA = zXPB. 

20. Let AX:^<(, AB=6, and AY = «, 



The 



a+c 



or, al + hc='2.a: 

__ ah _ 

*"'' '^- 2a— h " 

When a=h, c=b. 
Wlien&^2-7, r=c<.. 
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44 THE PKOGKESSIOKS. [cHAF. 

Therefore wlien X is the middle point of AB, T is at an 
infinite distance to the rie-ht of B. It approaches B aa X 
approaches it, and ultimately the 3 points will coincide. 

As S moves from the middle of AB to tlip left, T moves from 
an infinite distance on the left towards A, and nltimately X, A, 
andT coincide. 

21. H B be the middle point of AB, 
EX.BY = BAa = BB2 

for all positions of X and T with reference to A or B. 

Each of the two systems of pairs of points X and Y is called 
a system In Involution, the point E being called the nentre and 
A or B the fncus of the system. The two systems together may 
be regarded as one system, 

22, AX and AY being ^i-.-ev, B can be found as follows:— 

Produce XA and take 
AC-AX. 

'Take D the middle 
pnint of CY, 

TakeCE=ADor AE = 
CD. 

Fold through A so that 
aF may be at right angles 
to CAY. 

FindFsuch that DF= 



\ 


<., 


E C A 


XB Y 



DO. 



■ht 



Foldtha-ougb EF and obtain EB, such that FB 
angles to EP. 

CD is the Arithmetical Mean between AX and AY. 

AP ia the Geometrical Mean between AX and AY. 

AE is also the Geometrical Mean between CB or AE and AB. 

Therefore AB is the Harmonic Mean between AX and AY. 
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TIIH PEOGEEaSIONS. 



23. The following i. 
H. II. between two givi 




mplu iiietli.iil of fiiiiliiiK the 

Take AB, OB on the 
■ 'dgesof the aquii-e equal to 
the given linos. Fold the 
diagonals AD, BC niid the 
Bides AC, BD. Fold through 
E the point of intersection 
of the diagonalsBo that FBG 
may be at right angles 
to the other sides of the 
sqnare or parallel to AB 
and CD, Let FEG cnt AC 
and BD in F and G. Then 
FG ia the H. M, between 
AB and CD. 



24. Tbe join HK of the midpoints of AC and BD is the 
A. M. between AB and CD. 

25. To &ni the G. M. take HL in HK:= PG. Fold LM at 
right angles to HK. Take the midpoint of HK and find M 
inLMsothatOM=0H, HM iathe G M. between AB and CD 
as well as between PG and HK. The G. M. between two qaan- 
tities is the G. M. between their A. M. and H. M. 
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SdWMATIOS 07 CERTAIN SKRlEf 

To snra u]. tlie series 

1 + 3 + 5 +C2n-\) 




Divide tlie j>'iven sqtia.i-e into a numbei' of equal squares as in 
the accompanying' fignre. Here we have 49 squares, but the 



denfcly be a, square number, 
of the siHes of the given 



The nimiber of squares will 
the square of the number of d 
Hqnare. 

Let each of the small square 

The numbers of unit squares in each of the gnomons Aa. Bb, 
Ac, are respectively 3, 5, 7, 9, 11, 13. 



5 be considered as the unit. 
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Therefore tlie Miini of the series 1, 3, 5, 7, 'J, 11, 13 is 7": 

Generally, 1 + 3 + 5+.. . +(■>«— !)=«-. 

27. To find the kmiu of the cubes of the fir^fc h natural 




i'old the square into 49 equal squares as in the [>receding; 
article, and letter the gnomons. Fill up the squares with 
numbers as in the multiplication table. 

ITie number in the initial squares is 1 = 1-'. 

The sums of the numbers in the gnomon.'^ Am, Bb, Ac, are 2^, 
3^ 4', 5», (>s and 7^ 

The sum of the numbers in the first horizontal row is the 
sum of the first seven natural num.bers. Let us ca!l it S. 
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Then tlie sums of tke numbers in rows a, b, c, d, &c., are 

2S, 3S, 4S, 5S, 6S, and 7S. 
Therefore the hudi of all the numbers is 

S (1+2 + 3+4 + + 6 ■i-7)=S*. 
Therefore, the sum of the cubes of the first seven natural 
numbers is equal to the square of the sum of those numbers. 

Generally, l'H2» + 3^ + n^ 

-(1 + 2 + 3 +nf 

or(..» + l)"-(,.-l.,0' = («'+»)»-(«'-»)'=l»'^ 

Putting w=l, '2, 3 in order, we have 

4.1»=(\.2)3-(0)- Adding up 

4.2>=(2.3)'-(1.2)' 4S={,.0. + 1)>> 

1.3>=(3.1)>-(-2.3)! . ._ (»(,. + l))3 



28. If Sn be the sum of the first n natural nunibera, 

29. To sum the series 

1.2+2.3 + 3,4 + (»-!).». 

In the above table, the figures on the diagonal com.mencing 
from 1, are the sqnare.s of the natural numbers in order. 

The figures in one gnomon can be .subtracted from the 
corresponding figures in the succeeding gnomon. By this 
process we obtain 

,>-(,.-i)>=„.-(„-i)> 

+ 2{ »(»-!) + (ii-2) +(..-3) +1} 

sn^+Oi-iy+zd + a +;;=:i> 
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Now »>-(ii-l)'=l+3(»-l)» 

(,-l)»-(,-2)>=l+3(»-2X»-l) 



13-0^=1+0. 
Hence, by addition, 

«»=»+3( 1.2 + 2.3+ + («-l)..i> 



.-. 1.3 + 2.3 +(.«-l).»: 



■.■'~..__0,.-lM.,+l) 



30. 'fn find t!ie auni of tlio square.? of the fii'st n natural 

1.2 + 2.3 +(«-!).» 

=2'— 2 + 3'— 3 +,i>-ii 

=ls + 2S + 3" +..=-(1+2+3...+..) 

1. + 2. + 3. +,■■="- 'H"+i) + <!^) 

^..<. + i,|^ + 3} 

_^ ..(« + l) (2 .. + l)' 

31. I'o sum up the series 

l'+SS + 6' + (2.1—1)' 

.i»_(»-l)>=»' + (.-l)=+«(«~l) 

=(2.-l)'-(..-l)... 

• 6»> = •(.+i)(a.+i)-(,.-l)»(2»-l) 

Pat 'n=\, 2. !,, i in oidci' aud add up. 
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Thus by pitting H.= 1,2, 3 

13_OS=p_o 
23-p=33— 1.2 



Adding up, we get 

wi= 19-1-32+^3 + (2m— 1)- 

— { 1.2 + 2.3 + 3.4 +(m— l).n } 

...13 + 33 + 58 + (2n—iy 

- *"''-l'' _ »(2«-l)(2™+_l) _ 
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CHAPTER XI. 
POLYGONS. 

Takb O the centre of the square and its diameters. Bisect 
the right angles at the centre, then the half right anglea, and 
so on. Then we obtain 2" equal angles I'onnd the centre and 

4 
the magnitude of each of the angles is ^ of a right angle, n 

heing a positive integer. Mark off equal lengths on each of 
the lines which radiate from the centre. If the extremities of 
the radii are ;joiuecl successively, we get regular polygons of 
2" sides. 

2, Let na find the perimeter and area of these polygons. In 
nd OAj be two radii at right 
angles to each other. Let 
the radii Ag, A3, A^, &c., 
divide the right angle AOA^ 

in 2, 4, 8 parts. Join 

AAj, AAn, AA3 cutting 

the radii OA5, OAj., OA^ ... 
at Bj^, Bj, B3 ... respectively, 
at right angles. Then B^, 
B,,, B3 . . are the niid points 
of the respective chords. 
Then AAi, AA^, AA;,, AA.t, 

are tlie sides of the 

inscribed polygons of 2^, 2*, 
'2' ... sides respectively, and 
OBi. OB. a.e the 



the accompanying figure let OA s 
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a{2") represent the side of the insci-ibecl polygon of 2" sidps, 
6(2") the corresponding iipothi'gm, p^'i") its ■perimeter, and A(2'') 
its area. 

For the square, 

K2^)=f ^2^ A(2S)=R^.2. 
For the ootagou. 

in the two triangles ABoO and ABjA, 
ABa_OA 
BjAs ~ AAg 
.-. I A A33^tt.BiAo=R{ R— i(^^) } 

^a{ R— 1^ Va J=iR^. (2 — ^/2) 

or AA3^Ra/2^372=o(28) (1) 

p(23)=a. 2 V2— v'J -...(2) 

6(2S)=OB3^ \/0A3— AB/ =\/ R''^ 1 — ^-^-^ j 

= ^^C^=.RV^V2 (3) 

A(23)^=-3- perimeter x apothegm 

^■R.23.\/2— v'-IiRV'2+ V2 = Rs.vv'ii. 
Similarly for the polygon of 16 sides, 
fl(2*)=R->/2— \/2+ V5 : 
p(2*)=R,2*.\/2— \/2+ "72 ; 
h{2*)= --\/2 + \/2+ v'2; 
A(2i)-R5.2ii. ■/2 - -/'l ; 
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and for tlie polygon of 32 sides, 



p(-2S)=R.2s.v 2~\/24\/2 + V2 
A(25)=R3.2B\/2— \/2W2. 
The general law is thus clear. 

Also, A(2") = f .K2"-i)- 

When the nninber of sides is increased indefinitely the apo- 
thegid becomi's obvionsly t-qual to the radius. Thus the limit of 

\^2+\/2+'^t..... is 2,* 
3. If perpend icularfi are drawn to the radii at their oxtremi- 
ties, we get regular polygons circnia scribing the circle and alao 
the polygons described as in the preceding article, and of the 
same number of sides. 

In the nest iignre, let AR be a aide of the iiisciibed polygon 
and FG a side of the circnmsci'ibed polygon. 
Then from the triangles FIE and EIO, 
OE_FE_FG 
01 ■" EI ~ AE ' 

The yahios of AP], iind 01 being known by the previous 
article, PG is found by substitution. 

The areas of the two polygons ai'e to one another as 
rG^:AB^ie.,asR«:OP. 

• If !t represpnt the limit, ii)=i v 3+E, a quadcntio which givea if = 3, or 
— 1 ; the labter salne is, of course, inndmisaible. 
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4, In the preceding articles it liaa been shoivn how regalai 
polygons can be obtained of 2^, 2^. . .2". sides. And if a polygor 
of TO sides be given, it is easy to obtain polygons of 'J.".)!: 



5. In the annexed figure, AB and CD are respectively tbe 
sides of the inscribed and circumscribed polygons of n sides_ 
Take E the midpoint of CD and join AE, BE. AE and BK 
are the sides of the inscribed polygon of 'In sides. 

Fold AF, BG at right angles to AC and BD, met-ting GU 
in F and G. 

Then FG is a wde of the eii'cumwcribed polygon of 2n sidcf. 

Join OF, OG and OE. 



P II^IBJ^I 



Iiet f. P he the perimeters of the inscribed and circnm- 
Bcribed polygocs i-esp^ctively of n sides, find A, B their areas, 
and j>', P' the perimeters of the inscribed and circumscribed 
polygons respectively of 2)1 sides, and A', B' their areas. 
Then 

j;=(i.AB, P=».CD, p'=2»,AE, P'^2»..FG. 

Because OF bisects the Z COK and AB is parallel to CU, 

CF _ CO _ CO _ CD 

FE ~ OE ~ AG AB' 
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. CE CD+AB 



4W.0K -..CD-Ht.AB 
4n,.t'E ~ «.A.B ' 



F = 



iP£ 



Again, from thf! s^imilai- triangles EIF and AHK, 
El_ _EF 
A H ~ AE' 
or AE^ = '>AH.EF; 
;. 4w^.AK3=4"=.AB.EF, 

or /=vP7': 

NoM-, A=2.<AA0H, B=2«AC0E 

A'=2™AA0E, B'=4,mAF0E. 
The triangles AOH and AOK are of tlie same aiti 
AAOH _ OH 
■■ AAOE OE ■ 
Similarly, 

AAOF _ OA 
ACOE "~ OC ' 

Again because AB is parallel to CT), -^yp, = ^^.p 

AAOH _ APR 
■■ AAOE " COK 



A' B 



A' - /AB, 



To find B', because the triangles COE and FOE hai 
same altitude, and OF bisects the angle COE, 
ACOE _ CE _ OO + O E 
A"POE~t'E~" OE ' 
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and OS = OA, 

, 00 _ OE _ AAOB 
^"'^ OA-OH~AAOH' 

A COB _ AA OE+ AAOH 
■'■ aF0B~~ AAOH 

2R A'-fA 
Muttipljiiig both sides by in. wc get -^r — — ^ ; 

.-. B'= 1^. 

A + A' 

6. Given the radius B aad apothegm r of a regular polygon, 
o find the radius R' and apothi'gni r' of a regular polygon of 
•ei'imeter hat of double the number of sides. 




Let AB be a side of the first polygon, O its centre, OA the 
radius of the circumscribed circle, and OD the apothegm, Ou 
OD produced take 00=:OA or OB. Join AG, BC. Fold OA' 
and OB' perpendicular to AO and BC respectively. Join A' B' 
cutting 00 in D'. Then the chord A' B' is half of AB, and the 



angle A'OB' is 


1 half of AOB. OA' and OD' are respectively 


the radius R' a 


md apothegm r' of the second polygon. 


Now OD' is 


the arithmetical mean between DC and OD 


and OA' is the 


mean proportional between 00 and OD'. 




■. r' = i{B, + r). and R' = V^?. 
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7. Now, take on OC, OE = OA and join A'E 

Thon A'D' feeing less tbm A'C, -.mA L D'A'C being bisected 
by A'E, 

ED' is less Ihnn - CD', i.e., lesH than- CD 

-■. Ri~r^ Is less than ^ (R — r). 
As the number of sides is increased, the polygon approaches 
the circle of the siime |)erimet.er, and R and r become eqtia-l to 
the radius of the circle. 
That ia, 

It + r+Bi-!-i-)-Rn -/.-)- 

= the dianieter of the circle = ^— 

*'""' E,2 = Rr, 01- R. -S' = a, 

and ^ ~ R ' ^"'^ ^° '"^^ 

Multiplying both sides 

R. :^. ^. tT^ =the radius of the oircIe=^. 

Kj Kg Js.3 -iT 

8. The radius of the circle lies between R„ and r,,, the sides 
of the polygon being 4.2" in number ; and jr lies between 

— and ,— . The numezical value of n- can therefore bo calcu- 
r„ R, 

lated to any I'equired dfSirt-e of accuracy by taking a sufficiently 
large number of sides. 

The following are the value of the I'adii and i 
of the regular polygons of 4, 8, 16,, ..2048 sides. ^ 

4. r=0-oOUOOO R =i-v'2= 0-707107 

8. ,-1 = 0-60S.^58 Ei-=0(i53281 

2048. n^ = 0-63t!620 Ko = 686B20 
■^ = r.,:^^: „. = a-14159 
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9. 


Tf R 


"be 


the 


. rad 


.ma of a . 


■egula 


of -ki 


sides 
















It" 


' = 


R'^ 


(R+R') 




or in 


gsnev 


■al 












/,. % 





[chap. 
ioperimctrical polygon 



Hi+ 



R^ V 



10. The radii R^, Rj, successively diminish, and the 

ratio -jT^ is less than unity and equiil to the eosine of a certain 



angle 



Rj ~ V 2" 

Rs+l a 



mnltipiying together the <lifferent ratios, we get 

Bi+i=E| .cosa. eos -,cos^ cos p^^- 

The limit of cos a cos ^ ....cos :j^n-. "I'eii h=x is -y-— 

a result tnown as Huler's Formula. 

11, It was demonstrated by Earl Friedrich Gauss (1777—- 
1856) that the only regular polygons which can be constructed 
by elementary geometry are those the nunaber of whose aides 
is 2"('2"-l-l) where ni and w are positive integers and 2"-l-l 
is a prime number. The fii-st two numbers of this description 
are 5 and 17. We shall show here liow polygons of 5 and 17 
sides can be described. 

The following theorems are lequired : — 

(I) If and D aie two points on a semi- circumference 
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ACDB, and if C be tlic 
tte radinK of the circle, 

AC.BD=R.(C'D— CD) i 

AD,BC=^R.(C'D + CD) ii. 

AO.BG=R.CC ' iii. 

(i) Let the circumference of a circle be divided into an odd 
number of equal parts, and let AO be the diameter throngli one 
of the points of Seetion A and the midpoint of the opposite 
are. Let the poiiits of section on each side of the diameter 

be named A,, At,. A.; A„ and A'[, A'^, A'.j A'„ 

beginmng next tj> A. 

Then OAj. OAj. OA.^. . ,. OA„ = E.". iv. 

and OAj. OA3. OA.J. . . , OA,=Rf. 

12, It is evident that if the chord 0A„ is determined, the 
angle AOA„ is found and it has only to be divided into i" equal 
parts, to obtain the other chords. 

13, Let us first take the peiiti^gon. 



'By theorem 




RC0Ai-OA3)^OAi, 0A,= 
.-. OAj-OAj^R 

■■■ OA,= |(yS + l) 



yGoosle 



[CI 



and OA3=.t!:|-v'5-l), 



Hence the following oonKtrnction. 

Take the diameter AGO, and draw the tangent AY. Take 
D the midpoint of tlie radius OC and AF=OC. 
On OC as diameter describe tlie circle CB'AE, 
Join FD ontting the inner circle in B and E'. 
Then FE'=OAi, and FB=0A3. 

14, Let us now consider the polygon of Beventeeri aides, 
*Here OAj. OA,. OA;,. OAj. OAj. OA^. OA,. OA^^^Rs. 
OA,. OA3 OA^. OAs^R*. 
and OA;,. Oa'v OAs. OAt=E*. 
By theorems i. and ii. 

OAj, OA4=R{OA3 + OA5) 
OAj. 0As-B(0A6— OA,) 
OA3, 0A-=il(0A3 + 0Ag) 
OAq. OA-=B(OAi— OAJ 
Suppose 

OA.^+OAj^M, 0A„— OA,=:K", 
0A. + 0A8=P, OAi-OA^=Q, 
Then MN=R2andPQ=R=. 

Again by substituting the Tahics nf K, S, P and Q in the 
formulie 

MN^R2, PQ-R2 
and applying theorems i and ii. we g<-t 

(M-K)-(P-Q)=E 
Also by substituting the Taluea of M, N, P and Q in the 
above formula and applying tlieoL'enis i. andii. we get 
(M— N) (P— Q)=4R^. 
Hence M— N, P— Q. M, N, P and Q a.re determined. 
Again OA3+OA3— P 

OA3. OAg^RN, 
Hence OAg is determined. 

ir a full exposition see Catalan's 
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15. iiy solving' tlifc equations we get 

P-Q=^R(— l + vT/) 

Ptt^R {—1+ %/ 17 + ^/34—2^17) 

S-=iH(— 1 — yrr + \/34 + 2^^T7) 

OAf, = J-U[— 1 + VTt + v^JW— 2^17 



— ■i\/l7 + 3/17 + yi ''0—26^/17— 4\/34 + 2 ^''l7] 
-iR[— 1+ -^^17 + ^^4— 2 vT? 

~i\/l7 + 3yi7— a/ 170+187" 

, The seometi'ioLiI cons true; tioti is as follows : 
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Let BA be tiie diameter of the given circle; O its centre 
Bisect 0& ia C. Diuw AD at light angles to OA and take 
AD=AB. Join CD. Take E and B' in CD and on each side 
of it HO that CE = CE' = CA. 

Bisect ED in G and E'D in G'. Di-^nv Db' pLHpeiidiciilur t^ 
CD and take IJF = OA. 
Join FG and EG' 

Take H in FG and H' in FG' produced m tliat GH = EG 
andG'H'=G'D. 

Then it U evident that 
DE = M — IS' 
DE'= P - Q 
also FH- N ■-■ (l.)E + FHj FH = \>V'- = \i^ 
FH'= P -.- (FH' — DE') FH = DF^ = K' 
Again in DF taL-e K snch that FK - FH 
Draw KL perpeiidicQhic to DF and take L in Kh micIi thsit 
PL is perpendicnlai' ro DL. 
Then FL-=DF, FK=HN. 
Ag^iin 

IJmw H'N pei-pendicnlar l<. FH' 
and take H'N = FL. 
Di'aw NM pci-pendienlar to IfB'; 

Find M in K"M such that H'M is pevpei»licnhn- to FM. 
Draw MP' pei-pemliciilai-.to FH'. 
Then PH'. FP'-P'M5 = FL^ 
= UN 
But FP' + F'ir=i' 
.-. P'F = OA^ 
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CHAPTER XII. 
GENERAL PRINCIPLES. 

In the i^irecediug pages we li a ve adopted several processes, 
e.i/., bisecting; and trisectini; Hnite lines, bisecting rectiiineal 
angles and dividing tliem into otber eqaal parts, drawing 
perpendicniars to a given line. &o. Lot ns now examine the 
theoiy of these pi-ocesses. 

2. The general principle is one of couiji-nence. Figures and 
straight lines are said to be congineiit, if they are idmtioaUy 
e(]|ual, or equal in nil respects. 

In doubling a piece of paper upon itself, we obtain the 
straight edges of two planes coinciding with ea<;h other. This 
line may also be regarded as the intersection of two planes if 
we consider their position during the process of folding. 

In dividing a finite straight line or angle into a number of 
equal parts, we obtain a nuinber of congruent parts. Equal 
lines and equal angles are congruent. 

3, Lot AB be a given finite line, divided into any two 

parts in 0. Tate the midpoint by 

B CODA "doubling the line on itseif. Then OC is 
half the diffei-ence between AC and BO. 
Double AB and take D in AO coi-responding to C. Then CD 
is the difference between AO and BC and it is bisected in 0. 
As C is taken nearer to 0, CO diminishes and at the same time 
CD diminishes at twice the rate. This property is made nse of 
in finding the midpoint of a line by means of the eonipassee. 

4, The above observations apply also to an atigle. The 
line of hisection ie found easily by the compaBRi-^ by taking the 
point of intersection of two ciicles. 

5. In the line ItOA, segments to the light of O may be 
considered positive and the segrnents to the left of maj' be 
considered negntire. 'I'hat is, a point movii^g from O to A 
moves positively, and a point moving in the opposite din^ction 
OB moves negatively. 
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DA=OA~OD. 
0C= — OB— (— CB 

= — OB + OB 

= -(OB— OB). 

6. If OA, one arm of nn angle AOP be tis,'d and OP be 
considered to i-evolve round O, the angles wliieli it makes with 
OA are of different mngnitades. All snoh angles formed by 
OP revohiug in the direction opposite to that of t.lie hands of 
a watch ai'e regarded jjositive. The angles formed by OP s-e- 
volving ill an opposite direction are regarded ne^jative. 

7. After one revolution, OP coincides with OA. Then the 
angle described may be called an angle of rotation *:= fuur 
light angles. When OP has completed half the rev-olntion, it 
3B in a line with OAB. Then the angle described may be 
called an angle of continuation *= two right angles. When 
OP has completed quarter of a revolution, it is perpendicular 
to OA. All right angles are equal in magnitude, So are the 
angles o£ continuation and revolution. 

8. Two lines at right angles to each other form four 
congruent qnadrants. Two lines otherwise inclined form, 
fonr angles, of which two vertically opposite ones are congruent, 

9. The position of a point in a plane is determined by its 
distance from each of two lines taken as above. The distance 
from one line is measured parallel to the other. In Analytical 
Geometry, the properties of plane figures are investigated by 
this method. The two lines are called 'ixes ; the distances of the 
point fiom the axes are called co-ordinates, and the intersection 
of the axes is ctilled the origin. This method was invented by 
Descartes in Itjlj? A.D. It has greatly helped modern re.iearch. 

10. If AOB and COD be two axes, distances measured in 
the direction of OA, i.e.. to the right of COD are positive, while 
distances measured to the left of COD are negative. Similarly 
with reference to AOH, distances measured in the direction of 
OC are positive, wliite distaooes measured in the direction of 
OD are negative. 
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11, Aj,;.al siji'tmelnj is defined thns : — If two figures in the 
same plane can be made to coincide by tuiming the one about a 
fixed line In the plane through an angle ni continuation, the 
two figures are said to be symmetrical with regard to that line 
as o,TM of gynimetTy. 

12. Oerdral si/oimetry is thns defined :— If two figures in the 
same plane can be made to coincide by taming the one about 
a fixed point in that plane through an angle of continnation, the 
two figures ai-e said to he symmetrical with regard to that 
point as centre nf symmetry. 

In the first case the revolution is outside the given plane, 
while ia the second it is in the same plane. 

IE iti the above two oases, the two figures are halves of one 
figure, the whole figui-e is said to be symmetrical with regard 
to the axis or centre— these are called axix oi- cunlre of symmetry 
or simply aai/s or cejjfe-e. 

13. Now, in 
the quadrant AOC 
make a iriangle 
PQR. Obtain its 
imagp in the quad- 
rant COB by told- 

COD. Againobtain. 
images of the two 




fourth and third 
quadrants. Tt is 
seen that the 
angles in adjacent 
quadrants possess 
axial symmetry, 
while the triangles 
in alternate qua- 
drants possess cem- 
tral symmetry. 
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14. Reg-ular polj-goiis of an odd number of sides possess 
a^ial symmetry, and regnlar polypous of an even number of 
aides possess ceidrid symmetry as ivel], 

15. If a figuw liiM two axos of s 




to eacii othrr, the point of intersection of the HXes is a eeiil le 
of eymraefry. This obtains in regulai- polygons of an even 
numljef of sides and certain carves, suoli as the circle, 
ellipse, hypei'bola, and tlie lemniscate ; rep^lar polygons of ait 
odd number of aides may have more axes than one, but no two 
of them will be at right angles to each other. If a ebeet of 
paper is folded donble and cut, we obtain a piece which has 
a^ial symmetry, and if it is cut fourfold, we obtain a piece 
wliich has central symmetry as well. 

16, Parftlielograms hiive a centre of symmetry. A quadri- 
lateral of the form of a kite, or a trapezium with two opposite 
sides cqnal and equally inclined to either of the remaining 
sides, have also a centre of symmetry. 

17. Tlie position of a point in a plane is also determined by 
its distance from a fixed point and the inclinaliou of the line 
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joining the two i>ointK to a fixed line dmw 

If OA he the fixed \h 



I tliroQfvli the fixed 




and P the given point, the lengtli 
PO and Z AOP, determine tlie 
position of P. O is tlie pole, OA is 
the prime-vector, OP the mdim vector 
and ^ AOi* the vectori,.l aixjle. OP 
and Z AOP are Ciilled pokii- ei>' 
ordinotei of P. 
inii.fie of n. tignre symtnetncal to the axis OA may 
by folding thningh the nxis OA. The radii 
vectoi-s of correspondinf; points are equally inclined to the axis, 
19. T.et ABO he n triangle. Produce the sidt-s CA, AB, 
JJC to D, E, F lespi'ctiyelj-. 
SiijjpoHB a person to stand at A 
with fiice towards D and then 
to pi-iiceed from A lo B, B to C, 
and to A. Then he snt-ces- 
sively describes the angles 
DAH', i'JIiC, FCD. Having 
come r.o his original position A, 
he hivs completed an angle of 




rotation, ie.. four right angli 

thus togithei' equal to four right angles. 

20. The same argument applies to ii.i 

21. Suppose the man to stand at A 



convex polygon, 
ntli Mb far-e towards 



iu the direction of AB and proceed along AB, 



C, then to turn 
BO, and CA, 

In this ease, the man completes an angle of continuation, 
i.e., two right angles. He successively turns throagh the 
angles CAB, EBC and FCA. Therefore Z EBP + Z FOA ~ 
Z CAB = two right angles. 

22. This property is made use of in fuming engines on 
the railway An engine standing upon DA with its front 
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towards A is driven on to CF, with its front towards F. The 
motion is then reversed and it goes backwHi'da to EB. Then 
it moves forward along BA on to AD. The engine has snc- 
cesaively described the angles ACB, CBA and BAC. There- 
fore the three interinr angles of a triangh' are together equal to 
two right an g it's. 

that the three interior angles of a 
triangle are together equal to two 
i-ight angles is illustrated as follows 
hy paper folding. 

Fold CD perpendicular to AB. 
Bisect AD. BD in E and F res- 
pectively. Fold EG, FH perpendi- 
cular to AD, Bll meeting AC, and 
BC in G and H. Join GD, HD. 

B_v folding the corner.'; on KG, PR and GH we find that the 
angles A, B, C of the triangle are equal to the angles ADG, 
BDH and GDH respectively, which together make up two 
right angles. 

ABC. Braw perpendiculars to A, B, C 
at the points A, B and C. Take 
points B, .1'^, F in the respective per- 
pendiculars eqnidistant from their 
feet. Then it is easily seen by super- 
position and proved by equal tri- 
angles that. Di'J is eqnal to AB and 
perpendicular, to AD a.nd BE, and 
that EF=BC aiLd perpendicnlar to 
w AB and DR ai'e the shortest distances 
AD and BE, and it is constant. Therefore 
!ver meet, i.e., they ave parallel. The lines 




BE and CP, 

between the 

AD and BE 

which are perpendicnlar to the 



e parallel. 
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25. The two angles BAD Mid ABK iivo together eqaal to 
two right suigles. If we suppose the lines Al) ;md BE bo 
move inwEirds about A and B, they will meet and the interior 
angles will be less than two i-ifiht angles. Thev will not meet 
if produced backwards. This is embodied in the mnch abused 
12th axiom of Euclid's E!e^ue:its. 

36. If AGIi he any line cutting Bl'J in G and OF in H, 

Z UAG=the alternate /AGB. 
V each is the complement of BAG, 
and Z EGH=the interior and opposite angle DAG. 
.■. they are each^^ AGE. 
Also the two Z s DAG and AGFJ are together equal to two 
right angles. 

27. Take a line AB and mark off equal segments succes- 
sively on it AB, BO, CD, DE 

Erect perpendicuiars to AE at 

B, C, D, E Let a, line Ae 

cut the perpeudiculai'8 in 6, c, 
d, a Then At, 6c. ed, de, 



<1'L 



eall 



equi 



If AB, BC, CD, Dli! be un- 
equal, t-heii 

AB:BC::A/yL&c. 
'^ ^ ^ '^ ^ ^ BC:OD::/,«:c(iand so Oil. 

28. H ABODE be a polygon, similar polygons may be 

obtained as follows. 

Tate any point within the polyirnn, and join OA, OB, 

OC, 

Take any point a in OA ami draw .;6, 6^, od, parallel to 

AB, BC, CD res [>ec lively. Then ihe polygon ahcd 

will be similar to ABCD ,,. The polyg-o)is so described lonnd 
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a common point are in perspective. The point may ! 
outside the polygon. It is called the centre nf perspectivi 



89. To divide ii gi' 




line into 2, 3, 4, -i.... equal parts. 

Let AB be the given line. Draw 
AC, BD at right angles to AB on 
opposite sides and make AO = BD. 
Join CI.") cntt:nir AB in -J. Then 

"Sow prodiice AC and take CE, 

KF, E& ^AC or HI). Join 

DE, DP, UG 

cutting AB in ;!, 4, .1 

triangles, 
B3:A3 :: BD:AE. 
B3:AB::BD:AF. 



Bi : AB :: 1 : 4 



lint A-.! + 2 3 + 3 4 is ultimately-AB 
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The limit of 1 — iulieii « is '* i« 1 

30. The followhiff simple contrivance may be used for 
dividiiiif H, line into a numbei" of equal parts. 

Take a rectan»ulH,i' pieoe of paper, and mark off « equal 
seffmeiits on each or one of two adjacent sides. Fold through 
the points of section so as to obtain perpendiculars to the sides. 
Mark the points of section and the comers U, 1, 2,. n. Sup- 
pose it is required to divide the edge of another piece of paper 
AB into n equal parts Now place AB so that A or B may lie 
on 0, and B or A ou the perpendicalar throug'h ii-. 

In this case AB must be u;i'eater tban ON". But the smaller 
side of the rectangle may be used for smaller liiieM. 

The points where AB cri>sses the perpendiculars are the 
required points of section. 

31. Centr" of -le'iu position. If a lirie AB contains (i» +!() 
equal parti=, and it is divided at C so that AC contains m of 
t.hesf parts and CB contains n of them ; then if from the points 
A, C, B perpendiculai s AU, OF, BE he let fall on any line, 

i„ \'.V. + n XD^{m-i-,i). OF. 
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Now, draw BGH parallel to ED ciitfcitig CF in G nnd AD 
ill H. Suppose through the points of iHviaion of AB lines are 
dmwa pamllel to BH. These lines wil! dirifle AHioto(m+i*) 
equal parts and CG into n equal parts. 

.-.». AH=(m+n)CG, 
and since DH and BK are eacii = GF, 

n. Ul) + .>,. BB = (m + )t)GP. 
Hence, by addition 

n. AT} + >H.BE=z(m + n). CF. 
C is called the centre ■>/ mean pneition, or the mean eentre of 
A and B for the system of mnltiples m and n. 

The principle can be extended to any number of points, not 
in sb line. Then if P representr the feet of the perpendicular a 
on any line ffom A, B, G, &c., if a, b, c be the correspond- 
ing multiples, and if M be the mean centre 

a. kP + h. BP + c. OP 

-(« + !. + «+ ). MP, 

If tl-ie multiples are all equiil or unity, 
we f^et 

AP+J^P + CP-f ^u.ill' 

11 being the nnmbei' of points. 

32. The eeutre of me.,u pusUhu <ii a number of points is 
obtaini'd thns. Bisect the line joining any two points A, B in. 
G, join G to a third point C and divide GO in H so that 
GH=^ GC i join H to a fourth point and divide HD in K 
so that HK=^ KD and ho on : the last point found will be the 
eentre of mean position of the iiysteni of points. 

33. The notion of mean centre or centre of mean position 
is derived fifem Statics, because a system of material points 
having their weights denoted by a, 6, c..... , and placed at 

A, B, wonld balance about the mean centre M, if free to 

rotate abont M under the action of gravity. 

The •^leiin centre has therefore a close relation to the centre of 
gravity of Statics. 
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34. 1'lie mean centre of three points not in a line, is tlio 
point of intersection of the medians of the triangle formed by 
joining the three points. This is also the centre of gravity or 
mass centre of a thin triangular plate of uniform density. 

35. If M is the mean centre of the points A, B, C, &c., for 
the corresponding multiples a, h, c, &o., and if P is any other 
point, then 

a. APa + ft. BPS + c. CP3+ 

=a. AW+b. BM' + c. CM3+ 

+ PMV+''+o+ ) 

Hence in any regular polygon, if is the in-centre or circum- 
centre and P is any point 

A,P5 + BP^+ =0A3 + 0BS + +« , OPs 

=K.CRHOP^) 

Now ARHACHAD3+ -Zu . W 

Similarly 

BAHBCHBDS + =-2«R= 

CAS-HCBS + CD2+ = 2k W. 

Adding 

2»( (ABHAC^ + AD= + ) = n . 2n . R» 

AB^-l-ACs + ADH =n^ . UP. 

36. The sum of the squares of the lines joining the mean 
centre with the points of the system is a tninimum. 

If M be the mean centi-e and P any other point not belonging 
to the system, 

SPA2=2MA3 + SPM3 
.-. SPA^ is the minimum when PM=0, I.e., when Pisthemeau 
centre. 

37. Properties relating to concurrency of lines, and colli- 
nearity of points can be tested by paper folding. Some instan- 
ces arc given below : — 

(1) The medians of a triangle are concurrent. The com- 
mon point is called the centroid. 
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(2) The perpendiciiliii-s of a triangle are coiicvirreiifc. The 
comnion point is called the orthoeentre. ■ 

(3) The perpencliciilar bisectors of the sides of a triangle 
are concurrent. The common point is called the drcum-centro. 

(4) The bisectors of the angles of atriangle arc conouvrent. 
The common point is called the in-centre. 

(b) Let ABCD he a. parallelogram and P any point. 
Through P draw GH and EP parallel to BC and AB respec- 
tively. Then the diagonals EG, HP, and DB ai-o concnn*ent. 

(6) If two similar tineqnal rectineal figures arc so placed 
that their corresponding sides are parallel, then the joins of 
corresponding coi'ners are concui-rent. The common point is 
called the centre of similarity. 

(7) If two triangles are so placed that their corners are two 
and two on conuaiTCnt lines, then their corresponding sides 
intersect collinearily. This is known as Desargnes' thee 
The two triangles are said to be in perspective. The point of 
concurrency and line of collineority are respectively called thi 
centre and aads of perspective. 

(8) The middle points of thediagonals of a complete quadrl 
lateral are col linear. 

(9) If from any point on the circumference of tlie clrcum. 
circle of a triangle, perpendiculars are dropped on its sides, 
produced when necessary, the feet of these perpendiculars are 
collinear. This line is called Si<iisiyn's line. 

Simson's line bisects the join of the orthoceutre and the 
point from which the perpendiculars are drawn, 

(10) In any triangle the orthoceutre, circwmcentre, and 
centroid are collinear. 

The midpoint of the join of the orthocentre and circum- 
centre is the centre of the nine-points circle, so called because 
it parses throngb the feet of the altitudes and medians of the 
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triangle and tile midpoints of that part of oa-cli altitude which 
lies between the orthocentre and vertex. 

The centre of the nine-points circle is tvvico aa far from 
the orthocentre as from tho centroid. Thia is known as 
Foneelet's tlieore-ni. 

(11) If A, B, C, O, E, F, are any six points on a circle 
which are joined successively in any order, then the intersec- 
tions of the first and fourth, of the second and fifth, and of the 
third and sisth of these joins (prodnced when necessary) are 
col linear. 

(12) The join of the vertices of a triangle with the points 
of contact of the in-circla are concurrent. The same property 
holds for the ex-cifcles. 

(13) The internal bisectors of two angles of a triangle, 
and the external bisector of the third angle intersect the oppo- 
site sides colliaearly. 

(14) The external bisectors of the angles of a triangle 
intersect the opposite sides coU in early. 

(15j If any point be joined to the vertices o£ a triangle, 
the lines drawn through the point perpendicular to those joins 
intersect the opposite sides of the triangle collinearly. 

(16) If on an axis of symmetry of the congi'nent trian- 
gles ABO, A'B'C a point be taken, A'O. B'O, and CO 
intersect the sides BO, CA and AB cullinearly. 

(17) The points of intersection of pairs of tangents to a 
cii'cle at the extremities of chords which pass thi'ongh a given 
point are collineur, 

(18) The isogonal conjugates of three concurrent lines AX, 
BX, OX with i-espect to the three angles o£ a triangle ABC 
are concurrent. 

[Two lines AS, AY are said to be isoyoual conjugates with 
respect to an angle BAG, when they make equal angles with 
its bisector.] 
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(19) If in a triangle ABO, the lines AA', BB', CO' 
drawn from each. o£ the angles to the opposite aides are concur- 
rent, their isotoniio conjugates with respect to the correspond- 
ing sides ai-e also concurrent. 

[The lilies AA', AA" are said to be isotomie coiy'ugotes, with 
respect to the side BO of the triangle ABC, when the intercepts 
BA' and CA" are equal,] 

(20) The three symmedians of a triangle are concurrent. 
[The iaogonal conjugate of a modiari AM of a triangle is 

called a sy>nmedian.~\ 
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CHAPTER XIII. 

THE CONIC SECTIONS. 

Segtiox I. — The Cikolk. 

1. A piece of paper can be folded in immeroua wajs through, 
d common point. Poirta oii. each of the lines so taken aa to bo 
equidistant from the common point will lie on the circumference 
of a circle, of which the common point is the centre. The 
circle is the loeua of points equidistant from a fixed point, the 
centre. 

2. Anynumbei-of concentric circles can be drawn. They 
cannot meet eiich other. 

3. The centre may be considered as the limit of concentric 
circles described round it aa centre, the radius being' indeii- 
nitely diniiniahod. 

4. Circles with eqiial r-.idii are congruent and equal. 

5. The curvatui'e of a circle ia uniform throughout the cir- 
cumference. A circle can therefore be made to slide along 
itself by beinsj turned abont ifca centre. Any figure connected 
with the circle may be turned abont the centre of the circle 
without changing its relation to the circle. 

6. A straight line can cross a circle only in two points. 

7. Every diameter is bisected at the centre of the circle. 
It is equal in length to two radii, AU diameters, like the radii, 
are equal. 

8. The centre of a circle ia its centre of si/mmefry, the 
extremities of any diameter being corresponding points. 

9. Every diameter is an axis of syminetry of tho circle, and 
conversely. 

10. Propositions 8 and 9 are true for systems of concentric 
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11. Every diameter divides tlie circle into two equal lialves 
called semicircles. 

12. Two diameters afc wght angles to eacii other divide the 
circle into foui' equal parts called qaadranls. 

13. By bisecting the right angles contained by the diame- 
ters, then the half right angles, and so on, we obtain 2" equal 
sectors of the circle. The angle between tlie radii of each 

4 -ItT TT 

sector is ^ o£ a right angle or ^ = ^^^^ ■ 

14. As shewn in the preceding chapters, the right angle 
can be divided also into 3, 5, 9, 10, 12, Ih and 17 equal parts. 
And each of the pavta thus obtiiined cau be subdivided into 
2" equal parts. 

15. A circle can be inscribed in a, regular polygon, and a 
circle can also be circuviscribed round it. The former circle 
will toucb the sides at their midpoints. 

16. Eqnal arcs subtend equal angles at the centre ; and 
conversely. This can be proved by superposition. If a circle 
be folded wpon a diameter, the two semicircles coincide. Every 
point in one semi- circumference has a coi-respondiug point 
ill the other, below it. 

17. Any two radii are the sides of an isosceles triangle, and the 
chord which joins their extremities is the base of the triangle, 

18. A radius which bisects the angle between two radii is 
perpendicular to the base chord and also bisects it. 

19. Given one fixed diameter, any number of pairs of radii 
may be drawn, the two radii of each set being equally inclined 
to the diameter on each side of it. The chords joining the 
extremities of each pair of radii are at right angles to the 
diameter. The chords are all parallel to one another. 

20. The said diameter bisects all the chords as well as the 
arcs standing upon the chords, i.e., the locns of the midpoints 
of a system of pai'allel chords is a diametev. 
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21. The pei'pendiculai- bisectors of all cliorfs of a circle 
pass througli the ceiitfe. 

22. Equiil cbords are equitliBtiiiit from the centre. 

23. The {extreraities of two radii which are equallj inclined 
to a. diametev on each side of it, are equidistant from every 
point in the diamefer. Hence, any number of circles can be 
described passing through the two points. In other words, the 
locus of the ooiiti'eR of circlua passing through two given points 
is the straight line which bisects the join of the points Ht right 

24. Let CC be a chord pei'pendicular to the radius OA. 
Then the angles AOC imd AOC are equal. Suppose both move 
on the circnmference towards A with the same velocity, then 
the chord CC is always parallel to itself and perpendicular to 
OA. Ultimately the points C, A and C coincide at A. and 
CAC' is perpendicular to OA, A is the last point common 
to the choi'd and the circumference. OAC' produced becomes 
uttimately a tangent to the circle, 

25. The tangent is perpendicular to the diameter through 
the point of contract ; and conversely. 

26. If two chords of a circle are parallel, the arcs joining 
their extremities towards the same parts are equal. So are 
the arcs joining the extremities of either chord with the 
diagonally opposite extremities of the other and passing through 
the remaining extremities. This is easily seen by folding on 
the diameter perpendicular to the parallel chords. 

27. The two chuids and the ]Oin=i of then estreiai ties to- 
wards the same parts forti a trat.ezium winch ha^ an ax s of 
symmetry, viz the diimeter pei pendioular to the paiallel 
chords. The diagonals of the tiapezium intersect on the dia- 
meter. It is evident bj folding that the angles bet veen each 
of the parallel chords and eac]i diagonal of the trapezium are 
equal. Also the angles upon the other equal ares are equal. 
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28. The angle subtended at the centre of a circJe by any 
u-c is double the angle subtended by it at the ciruumference. 



Let AOB and AOB be tlie 
angles standing npon the arc 
AB, one at the centre and 
the other at the eircumf ei'ence 
ACB. 

From driiw OD, OE per- 
pendicular to the chords AC, 
BC, and meeting the circum- 
fEjrence in P and G. 

Then L FOG = I ACB. 
But 
aro FG = CGF— CO 

-\kC-\ BC 

= iAB. 
.■. ZFOG = 1 ZAOB. 
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29. Tlie iingle at f.lie centre being constant, the angles sub- 
tended by an arc at all points of the circumference are equal. 

30. 'I'he angle in a semicircle is a right angle. 

31. If AB be a diameter of a circle, and CD a chord at 
right angles to it, then ACUD is a quadrilateral of which AB 
is an axis of symmetry. The angles ACB and ADB being 
each a right angle, the remaining two angles CBD and CAD 
are together equal to U\o right angles. If A' and B' be any 
other points on the arcs CAD and CBD respectively, the 
^ CAD = Z CA'D and z CBD = Z CB'D, and the two angles 
^ CA'D and CB'D are together eqnal to two right angles. 
Therefore, also, the angles A'OB' and B'DA' are together equal 
to two right angles. 

Conversely, if a qnadrilateral has two of its opposite angles 
together equal to two right angles, it is inscriptible in a circle. 

32. The angle between the tangent to a circle and a chord 
which passes throngh the point of contact is equal to the angle 
at the circumference standing upon that chord and having its 
vertes on the side of it opposite to that on which the first 
angle lies. 

Let AC be a tangent to the circle at A and AB a chord. Take 
O the centre of the circle and join OA, OB. Draw OD per- 
pendicular to AB, 

Then ^ CAB = Z AOD = |ZA0B. 

33. Perpendicttlars to the diameters at their extremities 
touch the circle at the extremities. The line joining the centre 
and the point of intersection of two tangents bisects the angles 
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between the two tangents and between the two radii. It 
also bisects the join of the points of contact. The tangents 
are eqnal. This is seen by folding through the centre and the 
point of interaection of the tangents. 

Let AC, ABbetwo tangents and ADKOi' the line throngh 
the intersection of the tangents A and the centre 0, cutting 
the circle in D and F and BG in E. 




Then AC or AB is the G.M. of 

\ 

\ AD and AF ; AE is the H.M. ; and 



AB»=AD.AF=AP.All. 
AB==OA.AB 

AD.AF 2AD.AF 



Similarly, if any other chord through A be obtained cutting 
the circle in P and R and BC in Q, then AQ is the H.M. and 
AC the G-.M. between AP and AR. 
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34, Fold a right angled tnaugle OCB and CA the pcrpendi- 
oular on the hypotenase. Take D in AB such that OD=OC. 




Then OA- OB=OC2=0D^ 

andOA:OC :: OC ; OB 

OA:OU :: OD : OH, 

A circle can he described with as centre iind UC or OD as 
radius. 

The points A and B are inverses of each otiier with reference 
to the centre of inversion and the circle of inversion CDB. 

Hence when the centre is taken as the origin, the feet of the 
ordinatea of a circle liave for their inverses tha points of inter- 
section cif the tangent with the respective axes. 
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35. Fold FBG perpendicular to OB. Then the line FBG 
is called tlie polar of poiut A with reference to the polar circle 
ODE and polar centre ; and A is ealleii the pole of FBG. 
Conversely B ia the pole of CA and OA is the polar of B with 
reference to the same circle. 

36. Produce 00 to meet FBG- in F, and fold AH porpendi- 
cnlar to OC, 

Then F and H are inverse points, 

AH is the polar of F, and the perpendicular at F to OF is 
the polar of H. 

37. The points A, B, F, H, are concyclio. 

That is, two points ai'd th<,ir inveraas are concijUc ; and con- 
versely. 

Now take another point G on FBG. Join OG, and fold AK 
perpendicular to OG. Then K and G are inverse points with 
reference to the circle CUE. 

38. The points F, B, G are collinear, while tlioir polars 
pass through A. 

Hence, the polars of cullvneii.r points are concurrent. 

39. Points so situated that each lies on the polar of the 
othei- are conjitriate points, and lines so related that each passes 
through the pole of the other are conjngato lines. 

A aT)d F are conjugate points, so are A and B, A and G. 
The point of intersection of the polars of two points is the 
pole of the join of the points. 

40. Aa A moves towai'ds D, B also moves up to it. Finally 
A and B coincide and FBG is the tangent at B. 

Hence the polar of any point on the circle is the tangent at 
that point. 

41. As A moves back to O, B moves forward to infinity. The 
polar of the centre of inversion or the polar centre is the line 
at infinity perpendicular to the axes. 
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42. The angle between the polars of two points is equal to 
the angle subtended by these points at the polar centre. 

43. The circle desctibed with B as centre and BC as radius 
cuts tbe circle CDE ortho^nally. 

44. Bisect AB in L and fold LN perpendicular to AB. Then 
all circles passing through A and B will have thoir centre 
on this line. These circles cnt the circle CDE orthogonally. 
The circles round the quadrilaterals ABFH and ABGK are 
such circles. AF and AG are diameters of the respective 
circles. Hence if two circles cut orthogonally the extremities 
of any diameter of either are conjugate points with respect to 
the other. 

45. The points 0, A, H and K are concyclic. H, A, K 
being inverses of points on the Iimc PBGf, the inverse of a line 
is a circle thiough the centre o£ inversion and the pole of the 
given line, these points being the estremitiea of a diameter ; 
and conversely. 

46. If DO produced outs the circle CDE in D', D and D' 
are harmonia canjuciates of A and B. Similarly, if any line 

.through B cuts AC in A' and the circle CDK in d and d', then 
d and d' are harmonic conjugates of A' and B. 

47. Fold any line LM=LB or LA and MO' perpendicular 
LM meeting AB produced in 0'. 

Then the circle described with centre 0' and radias O'M cuts 
orthogonally the circle described with centre L and radius LM, 
Now, OL5=:OE3 + LE^ 
and 0'L5=0'M2+LM3. 
-■. OL^— 0'L«=0E3— 0'M2. 

.-. LN is the radical axis of the circles (OC) and O'(O'M). 

By taking other points in the semicircle AMB and repeating 

the same construction as above, we get two infinite systems- 
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of circles co-ajcial with 0(00) and O'(O'M), viz., one system 
on eacb side of the radical axis, LH". The point circle of each 
system is a. point, A or B, which should be regarded as an 
infinitely small circle. 

The two infinite systems of circles are to be regarded as one 
co-axial system, the circles of which range from infinitely large 
to infinitely small— the radical axis beiag the infinitely large 
circle, and the limiting points the infinitely small. Tliis sys- 
tem of co-asial circles is called the limiting point species. 

If two circles cat each other theif common chord is their 
radical axis. Therefore all circles passing through A and B are 
co-axial. This system of co-axial circles is called the commC'n 
point species. 

48. Take two linos GAB and OPQ. From two points A aud 
B in OAB draw AP, BQ perpcndicniar to OPQ. Then circles 
described with A and B as centres and AP and BQ as radii will 
tonch the Helj OPQ at P and Q. 

ThenOA : OB :: AP : BQ. 

This holds whether the perpendiculars are towards the same 
or opposite parts. The tangent is in one case direct, and in tlie 
other tranversfi. 

In the first case, is outside AB, and in the second it is 
between A and B. In the former it is called e'^demal centre 
of similitude and in the latter the infei-nal centre of similitade. 

49. The line joining the extremities of two parallel radii of 
the two circles passes tiirongh their external centre of similitude, 
if they are in the same direction, and through their internal 
centre, if they are tnmed in opposite directions. 

50. The two radii of one circle drawn to its points of intei'- 
eection, with any line passing through either centre of simili- 
tude, are respectively parallel to the two radii of the other 
circle drawn to its intersections with the same line. 
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51, All secEints passing tbrongli a centre of sirailitude of 
two eircies are cut in the same vsutio by the circles. 



52. Tf R,r, and S,*-, be tlie points of intersect.inTi, R,S, and 
■r,s, being cori'esponding points, 

OR.O^^Or.OS-OQ*. ^• 

Hence the inverse of a circle, not through tlio centre o£ 

The centre of inversion ia the centre of similitudo of the 
original circle and its inverse. 

The original circle, its inverse, and the circle of inversion are 
CO -axial, 

53. The metiiod of inversion is one of the moat important in 
the range of Geometry.' Ifc wiis discovered jointly by Doctors 
Stubbs and Ingram, Fellows of Trinity College, Dublin, abonfc 
1842. It was employed by Sir William Thomson in giving 
geometrical proofs of some of the most difficaJt jimpoaitions 
in the mathematieal theory of electricity. 

Section IT,— The PabaiioTiA. 

1, A'piiroiola is the cnrve traced out by a point which moves 

in one plane in such a manner that its distance from a given 

poitit is always equal to Its dist^ance from a given straight 
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2, The above figure shows how a parabola can be marked on 
paper. The edge of the square XF is the directris, A the vertex, 
and S the focus. Fold through XAS and obtain the axis. 
Divide the npper half of the square into a number of sections by 
lines parallel to the axis. These lines meet the directrix in a 
number of points. Fold by laying each of these points on the 
focus and mark the point where the corresponding horizontal 
line is cut. The points thus obtained lie on a parabola. The 
folding gives also the tangent to the curve at the point, e.g., PF. 

3, SL which is at right angles to AS is called the Semi- 
Latns Rectum. 

4, When points on the upper half of the curve have been 
obtained, corresponding points on the lower half are obtained 
by doubling the paper on the axis and pricking through tbem. 
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5. When the axis and the tangent at the vertex are taken 
a« the axes of co-ordinates, and the vertex as origin, the 
equation to the parahola becomes 

7/=4na, or PN^=4AS.AN. 

The parabola may be deiined as the curve tmced by a point 
which moves in one plane in snch a manner that the sqnnre of 
its distance from a given straight line varies as its distance 
from another straight line; or the ordinate is the mean pro- 
portional between the abscissa, and the Latus Rectum which 
is eqnal to 4AS. Hence the following constrnction. 




Take AT in SA produced = 4 AS. 

Bisect TN in 0. 

Take M in AM snch that CM=CN" or CT, 
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Fold thi'ongli M so tliat MP may be at right angles to AM. 

Let P be the point where MP meets the ordinate of N. 

Then P is a point on fhe cuvye. 

6. The subnormal =2AS or SX anil SP=SG=&T. 

These properties suggest the following constrnetion. 

Take N an;- point on the axis. 

On the side of N remote inn 
ovSX. 

Fold NT perpendiculai' to AG 
SP=-SG. 

Then- P is a point on the curve. 

A circle can be described with S 
ST as radii. 

The double ordinate of the circle 
of the parabola, i.e., P describes a 



3i'tos take NG^'2AS 



md find Pin NP such thdt 



i centre and >SG,SPand 



also the double ordinate 
^abola as "N" moves alonjc 



7, Take any point W between A and S. Fold RN'P' at 
right angles to AS. 
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Take B, so that AE.= AS. 

Fold RX perpendicular to AR, N being on the axis. 

Fold NP perpendicular to the axis. 

Now, take AT in AX^AN', 

Take P' in RN' so that SP'=ST. 

FoM tbrough P'S cutting NP in P. 

Then P and P' are points on the curve. 

8. N" and N' coincide when PSP'.is the Latus Rectum. 
AsW recedes from S to A, N moves forward from S to infinity. 
At the same time, T moves from X to A, and T' (AT'=AN) 

moves in the opposite direction from X to infinitj-. 

9, To find the area of a, parahola bounded by the axis and 
an ordinate. 

Complete the rectangle ANPK. Let AK be divided into " 
equR.l portions of wbicli suppose Am U> contain r ami mn to be 
the (r+1)'*, nraw mp, nq at right angles to AK meeting the 
curve in p, q, and pn' at right angles to nq. The curvilinear 
area APKiathe limit of the sum of the aeries of rectangles 
constructed as mn' on the portions corresponding to mit. 

But [^Z7-l r» : r 1 NE :: pviMn : PK.AK. 
and, by the properties of tlic parabola, 
pm, :FK :: Am^ ; AK^ 



andmu : AK :: 1 :«, 

.-. pw,.tnn: PK.AK :: r^ : m* 

.-. [:Z=] P» = 5 X [III] NK. 
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Hence the sura of the series of [~ ' } 



= <-T'^-iy x[^]NK 



^ xC^^JNK 



= (^'-2V^0^t— ] 



NK 



= -i of r "1 ^K in the limit, i.e., when « is cc . 

.-. The curvilinear area APK=i of [' 1 NK 
and the parabolic area APK'=| of IZ~] NK. 

10. The same proof applies when any diametei' and its 
ordiaate are taken as the boundaries of the parabolic area. 



Skctjox III.— The RLr.ipsE. 

1. All elli^e is the curve traced by a point which moves 
is one plane in such a manner that its distance from a given 
point is in a constant ratio of leas inequality to its distance 
from, a given straight line. 

Let S be the foctis, EX the directrix, and SX the perpendi- 
cular oil EX from S. Lei SA ; AX be the constant ratio, SA 
being less than AX. A is a point on the curve called the 



n para. 17, Chap. X,, find A' in XS prodni 

SA' : A'X :: SA : AX. 



1 such that 
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Then A' is another point on the cui'a'O, being a second vertex. 




Double the line AA' and obtain its middle point C called 

the centre, and mark S' and X' corresponding to S and X. 

Fold through X' such that FX' may be at right angles to XX'. 

Then 8' is the second focw and FX' the second direetrue. 

In doubling AA', obtain the perpendicular throngh C. 

Sa ; AX ;: SA : A'X 

:: SA+SA': AX + A'X 
:: AA':XX' 
:: CA : CX 
Take points B and B' in the perpondienlar through C and on 
opposite sides of it, such that SB and SB' are each equal to 
OA. Then B and B' are points on the curve. 

AA' ia called the major a.cis, and BB' the minor a'jcis. 
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2. To find othei- points on the cui ve, take any point B in the 
directrix, and fold through it and A and A'. Fold again 
through ES and mark the point P where SA' cnte E A prodnced. 
Fold through PS iind P' on FA . Then P and P' are points on 



Fold through P and P' sueh that KPL ; 

pendicular to the directrix, K and K' being < 

L and L' on ES. 

SL bisects the angle A'SP, 
ie., ZPSL=ZPLSand SP==PL. 
SP : PK :: PL : PK 



lid K'L'P' are pi 
1 the directrix a 



: SA : AX. 



And 



SP':P'K'::P'L':P'K' 
::SA':A'X 
;:SA:AX. 
If EX=SX, SPisatright 
is tho Latus Hecfcuni. 

3. When a number of points 
are found, coi-responding points on 
by doYibling the paper on the mii 



lies to SX, and SP^SP'. PP' 



an the left half of the curve 
the other half can be marked 
or axis and pricking through 

4. An ellipse may also be defined as follows : 

If a point P move in such a manner that PN-:AN. SA' in it 
constant ratio, PN being the distance of P from the line joining 
two fixed points A, A', and N being between A and A', the locus 
of P is an ellipse of which AA' is an axis. 

5, In the cii-cle, PN^^ AN.NA'. 

In the ellipse PN^rAN.KA' ie in a constant ratio. 

This ratio may be less or greater than unity. In the former 
case ^ APA' is obtuse, at'.d the curve lies within the auxiliary 
circle described on AA' as diameter. In the latter csise, / APA' 
is acute and the curre is outside the circle. In the first case 
AA' is the major, and in the second it is the minor axis. 
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6. The above definition coiTesponds to tlie equation 

wben the yertes is the origin. 

7. AN". KA' is equal to the square on- the ordinate of the 
anxiliai-y circle, QN, and PN : Qlf : : BC : AO. 

8. The siibjoined diagram shows how the points can be 
determined wheu the constant ratio ie less than unity. The 
same process is applicable when the ratio is gi-eater than unity. 
When points in one qiiadranfc are found, coii-esponding points in 
other quadrants can be easily marked. 




9. If P and P' are conjugate points on an ellipse and the 
ordinates MP and M'P' meet the aiTxiliavy circle ill Q and Q', 
the angle QCQ' is a right angle. 
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Now take a rectangular piece of card or paper and mark on 
two adjacent edges beginning with tlie conimon corner lengths 
equal to the minor and major axes. By turning the card 
round C mark corresponding points on the outer and inner 
auxiliary circles. Let Q, E and Q',R' be the points in one 
position. Fold the ordinates QM and Q'M', a,nd RP and R'P' 
perpendiculars to the ordinates. Then P and P' are pointtt 
on the curve. 

10. Points on the curve may also be easily determined by 
the application of the following property of the Conic Sections. 

The focal distance of a point on a conic is equal to the 
length of the oi-dinate produced to meet the tangent at the end 
of the latns rectum. 



H 


H 


li 


1 
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11. Lot A and A' be any two points. Join AA' and 
prodnce tlie line both waye. Prom any point D in A'A pro- 
duced draw DR perpendicular to AD, Take any point R in 
DR and join RA and RA', Fold AP perpendicular to AR., 
meeting RA' in P. ' For different positions of R in DR, the 
locus of P is an ellipse, of which AA' is the major axis. 




Fold PN perpendicular to AA'. 
Now, because PN is parallel to RD, 
PN: A'N :: ED : A'D 
again, from the tiiangles, APN and DAR, 
FN : AN :: AD : RD 
.-. PN^ ; AN". A'N :: AD : A'D, a constant ratio, less than 
nuity, and it is evident from the construction that N must lie 
between A and A'. 

Section IV. — Thb Hyperbola. 

1. An hyperbola is the cnrve traced by a point which 
moTCS in one plane in such a manner that its distance from a 
given point is in a constant ratio of greater inequality to its 
distance from a given straight line. 

2, The construction is the same as for the Ellipse, bnt the 
position of the parts is different. As explained in Art. 20, 
Chap. X, A' lies on the left side of the directrix. Bach directrix 
lies between A and A', and the foci lie without these points. 
The curve consists of two branches which are open on one side. 
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The two branches lie entirely within two alternate angles 
formed by two straight lines passing through the centre which 
are called the asymptotes. These are tangents to the curve at 
infinity. 

3, The hyperbola can be defined thus : If a point P move 
in such a manner that PH^ : AH". E"A' in a constant ratio, FN 
being the distance of P from the line joining two fixed points 
A and A', and N not being between A and A', the locus of P is 
an hyperI>ola, of which AA' is the transverse axis. 

This corresponds to the equation 



The annexed figure shows how points c 
found by the application of this foi'mula. 



the 



my be 




111 the above figui'e 
CD = CA 

SD=8E=AL=R0 
Take SH=AS. 
and SE2=A'S.SH=A'S.AS. 
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Fold through BA' cutting? CX h 
Fold through B'F cutting SE in 
Then SR:SE::B'C:A'C 
::BC;AC. 
.". Ep is a point on the curve. 
SB beinw perpendicular to AS 
SR is the eemi-latus rectum. 



pro( 



I be followed in respect of any otlie 



The sail 
ordinate, 

4. The hyperbola; can also be described by the property 
referred to in Art. 10, Ellipse. 

5. An hyperbola is said to be equilateral when the trans- 
verse and conjugate ases are equal. Hero tt^::6, and the equa- 
tion becomes 

In this case the construction is simpler as tlie ordinate of 
the hyperbola is itself the mean between AN a.nd A'N, and is 
therefore equal to the tangent from N" to the circle described 
ou AA' as diameter. 

6. The polar equation to the 
rectangular hyperbola, when the 
centre is the origin and one of 
the axes the initial line, is 
r3 cos 29=n2 



Let OA, CB be the axes ; divide 
the right angle AOB into a number 
of equal parts. Let ACD, DOB 
be two of the equal angles. Fold 
AB atrightanglestoCA. Produce 
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EC and take CP=CA.. Fold CG perpendicnlar to EF and find 
G in CG such that EGF is a right angle. Take CD = CG. 
Thon D is a point on the curve. 

Now, the angles ACD and DOE being 0, CE= — ^, 
" ° coH 29 

And 0D3=CG^=CE. CF = — 4t7,. a. 



7. The points of triaection of a series of conterminoue circular 
arcs' lie on branches of two hyperbolas of which the eccentri- 
city is 2. This theorem affords a means of trisecting an angle. 



y Google 




CHAPTER XIV. 

MISCELLANEOUS CURVES. 

1. I propose in this, 
the last chapter, to givo 
hints for tracing certain 
WQll-known curves. 

The CrssoiD. 

2, Tliis word means 
ivy-shapefi curve. It is 
defined aa follows: Let 
OQA 1)6 a semicircle on 
the fixed diameter OA, 
and let QM, RU be two 
ordinates of the semicircle 
equidistant from the cen- 
tre. Join OE cutting 

QM in P. Then the locue of P is the cissoid. 

If OA =^ 'la, the equation to the curve is y%'la — x)^='J^. 
Now, let PR cut the perpendicular from C in D and join AP 
catting CD in E, 

RN-.CD::ON:OC::AM:AC::'PM:CE 
.•.EN:PM."CD:OE 
But EN:PM::ON:OM::ON:AN::ON3:NIL2 y.OC^-.GYP- 
.■.CI):CE::OC^:CD>i 
If CF be the mean between CD and CE 
CD:CP::00:CD 
.■.OC:OD::CD:CF::CF:OE 
,*. CD and CF arc the two geometrical means between OC 
and CE. 

3- I'he cissoid was invented by Diodes (second century B.C.) 
to find two geometrical means between two lines in the manner 
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described above. 00 and CB Ijciiig given, the point P was 
detennined by tbo aid of the onrve, and hence the point D, 

4, If PD and DR are each equal to OQ, then the angle 
AOQ is trisected by OP. 

Join QE. Then QB is parallel to OA, and 
DQ=DP=DR=OQ 
.-. zQOR=zQDO=2/QEO=2^AOR. 

The Conchoid or MuasEL-BHAFKD Ciieve. 

,_ 5. This cnrve was invented 

by Nicomedes (second century 
B.C.) If through any fised 
point A, astraight Hne be drawn 
cntting a fised straight line in 
R, and RP and RP' be taken 
of the same constant length on 
each Bide of the fised straight 
line, then the locne of P and F' 
is the Conchoid. 

The cut I e difici a m shd.pt 
according as the const mfc length 
RP i& equal to gredtei than, oi 
let.s thin the distance of the 
fixed point from the fixed 
straight line 

Ihe above fi^me shows the 
shapes of the curve in the last 
two cases. The loop occurs when RP is greater than AB. 
When RP=AB, A is a cusp on the carve. The curves consist 
of two branches with the fixed line LM for a eommon asymptote. 
6, This curve was also proposed for finding two geometrical 
means, and the trisection of an angle. 

Lot OA be the longer of the two lines of which two geometri- 
cal means are required. 
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Bisect OA in B ; witli O as 
centre and OB as racTius de- 
scrilie a circle. Place a, chord 
BC in the circle equal to the 
shorter of the giveii lines. Join 
AC and produce AC and BC to 
D and E. Suppose that D and 
E are so situated that they are 
in.i, line «ith anfl DE=OB 



I' OA. 



Thea 01") and OR ar^ thu t>vo niei 
Let OE cut the circles m F and G 
By transversals, 
BO . ED . OA=CE . OD . BA 
.-. BO.OA^CFl.OD 
BC_Op 
**'' CB ~ OA 
. BE OD + OA GE 



I propoi'tionals rcquirecL 



CE" 



OA 



But GE.EF^BE.EC. 
.-.GE. 00^ BE. EC. 
.-. 0A.0B=.EC^. 
.-. OA : CE :: CB ; OD :: OD : BC. 

The position of B is found by the aid o£ the conchoid of 
which AT) is the asymptote, the focus, nnd DE the constant 
intercept. 

7, The triseotion of an angle is thus effected. 

In the figure for the cissoid, if OA be taken for the axis 
of the conchoid and QM for the asymptote aud 20Q for the 
constant intercept, the cnrve cuts QB in E. 
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The Witch. 
8. If OQA be a semioirole 
and NQ an ordinate of it, and HP 
be taken a fourth proportional to 
ON, OA and QN", then the locns 
of P is the witch- 

Fold AM at right angles to OA. 
Fold through 0, Q and M. 
Complete the rectangle NAMP. 
P]S":QN::0M:0Q 
::OA:ON. 
Therefore P Ik a point on the 
curve. 

Its equation is, 

,y = aMa -■'')- 
This curFO was proposed by a lady, the Donna Agoesi, Pro- 
fessor of Mathematies at Bologiia. 

The Cubical Pauaeola. 

9- Tlie equation to this 



Let OX and OY be the 
rectangular axes, OA^a, 
and OX=x. 

Tliiku OB in the axis 

OY=r«. 

Join BA and draw AC 
at right angles to AB 
cutting the axis OT in 0. 

Join CX, and draw XT 
at right angles to CX. 

Complete the rectangle 
XOY. 

Pis a point ou the curve. 
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The Uakmon'ic Curve or Cuuvii oi' Sines. 



■ 11 
■11 



This is the carve in which a musical string vibrates when 
sounded. The ordinates are proportional to the sines of angles 
wMch are the same fractions of four right angles as the corre 
sponding ahscisscp. are of some given length. 

Let AB be the given length. Prodnce BA to C and fold AD 
perpendicular to AB. Divide the right angle CAD into a 
numbor of equal parts, say, four. Mark on esich radius a 
length equal to the amplitude of the vibration, AC, Al, A2, 
A3, AD. 

From points 1, 2, 3 fold perpendiculars to AC ; then Int^ , 
2mj, and 3m^ and DA are proportional to the sines of the 
angles CAl, 0A2, CAS and CAD. 

Kow, bisect AB in E and divide AE and EB into twice the 
number of equal parts chosen for the right angle. Draw the 
successive ordinatef^ la, 2b, Sc, 4d, &c., equal to Im^, Qm^, 3m^, 
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4mj, &0. Then n, 6, c, d are points on the curve, d ia the 
highest point on it. By folding on id and pricking through 
a, b, 0, d, we get corresponding poiuta on the portion of the 
curve dE. The portion of the curve eorreapondiog to EB is 
equal to AdE but lies on the opposite side of AB. The length 
from A to E is half b. wave length, which will be repeated from 
E to B on the other side of AB. E is a point of inflection on the 
curve, the radius of curvature there becoming infinite. 
The Ovals of Cassini. 




10. When a, point moves in & plane so that the product of 
ita distances from two fixed points in the plane is constant, it 
traces out one of Cassini's ovals. The fixed points are called 
the foci. The equation of the curve is rr' =^ h'^, when r and r' 
are the distances of any point on the cnrve from the foci avid 
i ia a constant. 

Let F and F be the foci. Fold through P, and F'. Biaect 
FE' in 0, and fold BOB' perpendicular to FF.' Find points 
B and B' such that FB and PB' are each = h. Then B and B' 
are evidently points on the curve. 

Fold FK perpendicular to FF' and mako FK=?i, and on FP' 
take CA and GA' each eqnal to CK. Then A and A' are points 
on the curve. 

For CA«=CK3- OF^ + FK^ 

.-. GA2-OP*=K2 = (CA + CP)(CA-Cf) 
= P'A, FA. 
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Prodnce FA and take AT = PK. In AT take a point d and 
ioin dK. Fold Kd' perpendicular to dK meeting F A', im d'. 
Then Wd. Wd' = kK 

With centre F and radius ^d, and with centre P' and radius 
Fd', describe two area cutting each other in P. Then P is a 
point on the curve. 

When a number of points between A and B are found, 
corresponding points in the otlier quadrants can he marked by 
paper folding. 

When FF' = ■v'^K and rr'=^'KP the curve assumes the form 
of a Lemniscate. (Art. 17, Chap. XIV.) 

When FF' is greater than ■^zK, the curve consists of two 
independent ovals, one about each focus. 

The Logarithmic Cuk?e. 

11. The equation to this cnrre is !/=ft^. 
The ordinate at the origin is unity. 

If the abcissa increases arithmetically, the originate increases 
geometrically. 

The vaJaea of y for integrwl values of x can he obtained by 
the process given in Art. 7, Chap. X. 

The curve extends to infinity in the angular space XOY, 

If le be negative y= — and approaches aero as n incret^es 
numerically. The negative aide of the axis OX is therefore 
an asymptote to the curve. 

The Common Catenary. 

12. The Catenary is the form assumed hy a heavy ines- 
tensible string freely suspended from two points and hanging 
under the action of gravity. 

The equation to the curve is 



.=!(.= 



s of J/ being a vertical line through the lowest point of 
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ihe cnrve, and tho asia of a; a horizontal lino in the piano of 
the string at a distance e below the lowest point ; c is the length 
of the string, and e the base of Napierian logarithms. 
Wheni.=c, y= Ue^ + e-^) 



=^(e^ + e-^) and a. 



13. 



n the equatiiiii 
e can be determined graphically. 



■/'e-- 



A-^l? 



= y+-v 



i found hj taking the G.M. between i/+c and y — c. 
The Cardioid oh Heaet-shaped Cdrye. 

14. I'rom a fixed 
point, on a circle, draw a 
number of chorda and 
take off on each of these 
lines measured from the 
circumference of the 
circle a length equal to 
the diameter of the 
circle. The ends of these 
lines lie on a Cardioid. 

The equation to tho curve is r=a(l + cos6). 
The origin is a cusp on the curve. The cardioid is the inverse 
of the parabola with reference to its focus as centre of ii 




y Google 



IIV.] 



the limacon. 
The Lcmahon. 




15. 



From a fixed point 
on a circle, draw a number 
of tliords, and take off a 
constant length on each of 
these lines measured from 
the circamference of the 
oircle. 

If the constant length 
is equal to the diameter 
of the circle, the curve is 
a cardioid. 

If it be greater than 
the diameter, the curve is 
altogether outside the 
circle. 

If it be less thaa the 
diameter, a portion of the 
curve lies inside the circle 
in the form of a loop. 

If the constant length is 
exactly half the diameter, 
the curve is called the 
Trisectrix, as by its aid 
any angle can be trisected. 



The equatioi 



»-=Ac 



e+B 



The first sort of Limayon is tbe inverse of an ellipse ; and 
the second sort is the inverse of an iiyperbola, with reference to 
a focus as centre. The loop is the inverse of the biunch about 
the other focus, 
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16, The triseotrix is applied as follows : 
Let AOB be tlie given angle. 




Take OA, OB equal to the 
radias of the circle. Describe a 
circle with centre and radius OA 
or OB. Produce BO indeflnitoly 
beyond the circle. Apply the tri- 
/B sectrix so that O may correspond to 
the centre of the circle and OA to 
tlie axis of the loop. Let the outer 

curve cut BO produced in C. Join AC cutting the circle in D. 

Join OD. 

Then z AGO k J of z AOB. 
Now CD=DO = OB 
.-. z AOB= ^ ACO+ Z GAG 
= Z AGO+ Z ADO 
= Z ACO + 2 Z AGO 
= 3 Z AGO. 

The Lkmniscate op Bernoulli. 

17. The polar equation to the curve is 
r^=a^ Cos 29. 
Lei be the origin, and OA^=a. 
Produce AO, and draw OD at right angles to OA. 
Talce tho angle AOF^Q and A0B=2y. 
Draw AB perpendicular to OB. 
In AO produced take OC=OB. 
Find D in OD such that GDA is a right angle. 
Take OP=OD. 
P is a point on the curve 

r==OD2=OO.0A 
=OB.OA 
=a Cos '20.11 
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5IV.] THE CYCLOID. 



Aa stated above, this curve is a particular case of (he ovals 
of Cassini. 

It is the inversB of the Ecctaiigular hyperbola, with referoiice 
to its centrt) as centre of inversion, and also its pedal with 
respect to the centre. 

The area of the curve is aK 

Thk Cycloid. 

18. The cycloid is the path described by a point on the 
circumference of a circle which is supposed to rol! upon a fixed 
straight line. 

Let A and A' be the positions of the generating point when 
in contaob with the fixed line after one complete revolution of 
the circle. Then AA' is equal to the circumference of the 
circle. 
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